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in a quantum computer’s
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Quantum computer type 1 (QC1):

stores many “qubits”;

can efficiently perform

“Hadamard gate”, “T gate”,

“controlled NOT gate”.
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is the main goal of quantum-
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Combine these instructions

to compute “Toffoli gate”;

: : : “Simon’s algorithm”;

: : : “Shor’s algorithm”;

: : : “Grover’s algorithm”; etc.
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2. Convert into reversible gates.

Toffoli for q2 ← q2 ⊕ q1q0:

(a0; a1; a2; a3; a4; a5; a6; a7) 7→
(a0; a1; a2; a7; a4; a5; a6; a3).
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26

Grover’s algorithm

Assume: unique s ∈ {0; 1}n

has f (s) = 0.

Traditional algorithm to find s:

compute f for many inputs,

hope to find output 0.

Success probability is very low

until #inputs approaches 2n.
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27

Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.
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over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 4× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 5× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 6× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 7× (Step 1 + Step 2):
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0.5

1.0



27

Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 8× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 9× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 10× (Step 1 + Step 2):
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1.0
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 11× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 12× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 13× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 14× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 15× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 16× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 17× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 18× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 19× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 20× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 25× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 30× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 35× (Step 1 + Step 2):

−1.0

−0.5

0.0

0.5

1.0

Good moment to stop, measure.
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 40× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 45× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 50× (Step 1 + Step 2):

−1.0

−0.5

0.0

0.5

1.0

Traditional stopping point.



27

Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 60× (Step 1 + Step 2):
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1.0



27

Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 70× (Step 1 + Step 2):
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 80× (Step 1 + Step 2):
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−0.5

0.0

0.5

1.0
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 90× (Step 1 + Step 2):
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−0.5

0.0

0.5

1.0



27

Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 100× (Step 1 + Step 2):

−1.0

−0.5

0.0

0.5

1.0

Very bad stopping point.



27

Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 100× (Step 1 + Step 2):

−1.0

−0.5

0.0

0.5

1.0

Very bad stopping point.

29

q 7→ aq is completely described

by a vector of two numbers

(with fixed multiplicities):

(1) aq for roots q;

(2) aq for non-roots q.

Step 1 + Step 2

act linearly on this vector.

Easily compute eigenvalues

and powers of this linear map

to understand evolution

of state of Grover’s algorithm.

⇒ Probability is ≈1

after ≈(ı=4)20:5n iterations.
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 100× (Step 1 + Step 2):
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(with fixed multiplicities):
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and powers of this linear map

to understand evolution

of state of Grover’s algorithm.

⇒ Probability is ≈1

after ≈(ı=4)20:5n iterations.
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Start from uniform superposition

over all n-bit strings q.

Step 1: Set a← b where

bq = −aq if f (q) = 0,

bq = aq otherwise.

This is fast.

Step 2: “Grover diffusion”.

Negate a around its average.

This is also fast.

Repeat Step 1 + Step 2

about 0:58 · 20:5n times.

Measure the n qubits.

With high probability this finds s.

28

Normalized graph of q 7→ aq
for an example with n = 12

after 100× (Step 1 + Step 2):

−1.0

−0.5

0.0

0.5

1.0

Very bad stopping point.

29

q 7→ aq is completely described

by a vector of two numbers

(with fixed multiplicities):

(1) aq for roots q;

(2) aq for non-roots q.

Step 1 + Step 2

act linearly on this vector.

Easily compute eigenvalues

and powers of this linear map

to understand evolution

of state of Grover’s algorithm.

⇒ Probability is ≈1

after ≈(ı=4)20:5n iterations.
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after ≈(ı=4)20:5n iterations.
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and powers of this linear map

to understand evolution
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⇒ Probability is ≈1

after ≈(ı=4)20:5n iterations.

30

Textbook algorithm analysis

“WHAT is your algorithm?”



28

Normalized graph of q 7→ aq
for an example with n = 12

after 100× (Step 1 + Step 2):

−1.0

−0.5

0.0

0.5

1.0

Very bad stopping point.

29

q 7→ aq is completely described

by a vector of two numbers

(with fixed multiplicities):

(1) aq for roots q;

(2) aq for non-roots q.

Step 1 + Step 2

act linearly on this vector.

Easily compute eigenvalues

and powers of this linear map

to understand evolution

of state of Grover’s algorithm.

⇒ Probability is ≈1

after ≈(ı=4)20:5n iterations.

30

Textbook algorithm analysis

“WHAT is your algorithm?”



28

Normalized graph of q 7→ aq
for an example with n = 12

after 100× (Step 1 + Step 2):

−1.0

−0.5

0.0

0.5

1.0

Very bad stopping point.

29

q 7→ aq is completely described

by a vector of two numbers

(with fixed multiplicities):

(1) aq for roots q;

(2) aq for non-roots q.

Step 1 + Step 2

act linearly on this vector.

Easily compute eigenvalues

and powers of this linear map

to understand evolution

of state of Grover’s algorithm.

⇒ Probability is ≈1

after ≈(ı=4)20:5n iterations.

30

Textbook algorithm analysis

“WHAT is your algorithm?”



29

q 7→ aq is completely described

by a vector of two numbers

(with fixed multiplicities):

(1) aq for roots q;

(2) aq for non-roots q.

Step 1 + Step 2

act linearly on this vector.

Easily compute eigenvalues

and powers of this linear map

to understand evolution

of state of Grover’s algorithm.

⇒ Probability is ≈1

after ≈(ı=4)20:5n iterations.

30

Textbook algorithm analysis

“WHAT is your algorithm?”



29

q 7→ aq is completely described

by a vector of two numbers

(with fixed multiplicities):

(1) aq for roots q;

(2) aq for non-roots q.

Step 1 + Step 2

act linearly on this vector.

Easily compute eigenvalues

and powers of this linear map

to understand evolution

of state of Grover’s algorithm.

⇒ Probability is ≈1

after ≈(ı=4)20:5n iterations.

30

Textbook algorithm analysis

“WHAT is your algorithm?”

“Heapsort. Here’s the code.”



29

q 7→ aq is completely described

by a vector of two numbers

(with fixed multiplicities):

(1) aq for roots q;

(2) aq for non-roots q.

Step 1 + Step 2

act linearly on this vector.

Easily compute eigenvalues

and powers of this linear map

to understand evolution

of state of Grover’s algorithm.

⇒ Probability is ≈1

after ≈(ı=4)20:5n iterations.

30

Textbook algorithm analysis

“WHAT is your algorithm?”

“Heapsort. Here’s the code.”

“WHAT does it accomplish?”



29

q 7→ aq is completely described

by a vector of two numbers

(with fixed multiplicities):

(1) aq for roots q;

(2) aq for non-roots q.

Step 1 + Step 2

act linearly on this vector.

Easily compute eigenvalues

and powers of this linear map

to understand evolution

of state of Grover’s algorithm.

⇒ Probability is ≈1

after ≈(ı=4)20:5n iterations.

30

Textbook algorithm analysis

“WHAT is your algorithm?”

“Heapsort. Here’s the code.”

“WHAT does it accomplish?”

“It sorts the input array in place.

Here’s a proof.”



29

q 7→ aq is completely described

by a vector of two numbers

(with fixed multiplicities):

(1) aq for roots q;

(2) aq for non-roots q.

Step 1 + Step 2

act linearly on this vector.

Easily compute eigenvalues

and powers of this linear map

to understand evolution

of state of Grover’s algorithm.

⇒ Probability is ≈1

after ≈(ı=4)20:5n iterations.
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“WHAT is your algorithm?”
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“WHAT does it accomplish?”

“It sorts the input array in place.

Here’s a proof.”
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29

q 7→ aq is completely described

by a vector of two numbers

(with fixed multiplicities):

(1) aq for roots q;

(2) aq for non-roots q.

Step 1 + Step 2

act linearly on this vector.

Easily compute eigenvalues

and powers of this linear map

to understand evolution

of state of Grover’s algorithm.

⇒ Probability is ≈1
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Real-world security systems

cannot avoid these questions.


