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Motivation

Discrete logarithm in Jacobians : � get a curve over

��� ���

such that

��
	 � � � � � � �

contains a big prime factor.
Two strategies :

1. Take random curves and compute quickly

��
	 � � � � � � �

� �

-adics methods, canonical lift, cohomological
methods or deformation. If � � �

: in small
characteristics only (classically �� � �

with

�

big).

2. We construct a curve over a number field such that the
endomorphism ring of its Jacobian is known and with
Complex Multiplication (CM). Then one reduces this
curve modulo random prime ideals to get good
Jacobians : on

��� with � big.
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What is the AGM over ?

Introduced originally over

�

to solve elliptic integrals. It is
a convergent sequence

��� � � ���
�

� � �
� � � � � 	 �
�� � � �
�

�
�




� fast computation of periods of elliptic curves.

In genus

�

, there is a generalization called Borchard’s
means. It is a special case of the duplication formulae for
theta constants.

Remark : Dupont are using them to compute periods on ge-

nus

�

curves or reciprocally Theta constants.
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What is the AGM over the

�

-adics (Mestre) ?

1. Input : an ordinary curve

�

of genus � over
��
� � .

2. Construct a nice lift over .

3. Computation of -adic numbers containing
enough information on .

4. Construct a sequence which
‘converges’ to the canonical lift of .

Why convergence ? ’by hand’ for , result of Carls in

general.
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Two different endings

In the point counting (case

�

big) :

1. For free in the sequence, information on the Frobenius :

Norm ��� � ���
� � � �� �� � � � � �� converges to �� �
	 � 
 
 
 	 �.

2. Computation of the minimal polynomial of
.

3. Output : the characteristic polynomial of the Frobenius
.

In the CM case ( ) :
1. Reconstruction of the curve.
2. Computation of the invariants in .

3. Computation of the minimal polynomials of the
invariants.
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General features of the AGM methods

It is based on the canonical lift.

restricted to ordinary abelian varieties.
computations in the -adics require good models to

avoid ramified extensions.
Use of LLL because

one obtains less than the characteristic polynomial
( ).
reconstruction of class polynomials from one curve only.

It is based on formulae coming from the complex
theory.

general (for every dimension) and elegant.
passing from analogy to a true -adic theory is hard.
to link the algebra of the curve with the analytic part

(analogs of Thomae’s formula) : limited so far to
or hyperelliptic curves.
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Complex Multiplication (case of � � �

)

Definition : Let

� � �

be an extension of degree
�

, with ring
of integers

��� .

�

is a CM field if it is an imaginary
quadratic extension of a real quadratic field

�� .

�

may be given by

�� � �� � 	 � � �
with

�

and

�� �
� �

square free.

Definition : a type is a couple of two non-conjugate
embeddings

	 �
 ���  �

.
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Restrictions

CM construction : if

� � �� is an ideal, one considers

� � � � 
� � � 	 � � � � � 	
�

� � � � � � �
� � � � �



It is a lattice and

� � � � � � �

is an abelian variety

�

such that

� � ��� 	� � � �

. We will assume for simplicity :

1.

�

cyclic or non-Galois 
 �
is absolutely simple.

2.

� �� � �

(i.e

�� is principal) :

�

is principally polarized.

3.

� �� � ���� � 
� � � � � � �

(to limit the number of
polarizations).

4.

� � 	 � � � � �� (
�

is said principal).
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Analytic constructions of class polynomials

Van Wamelen and Weng for genus

�

curves.

Construct

�

the set of isomorphism classes of principal
abelian surfaces with CM field

�

.
With our assumptions, if

�

cyclic (resp. non-Galois) then� � � � � � (resp.

� � � ).
Represent each isomorphism class by

� � � �
� such that� �� � � � � � � �� � 	 � �� � �



For each

� �compute the associated theta constants and
then the absolute invariants

� ��
�
� �

��� .
Compute

�
�

�� � � 	 �� 
 � �
� � � �� �

, � �
�

�
�

�

.
Reconstruct the curve with the invariants (Mestre).
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Analytic method (end)

Look for unramified primes � in �

( 
 ordinary
reduction) for which the equation

�� � �� � 	 � � � has
solutions.

Remark : The equation has

�
�

�

(
�

cyclic) or

�
�

�
�

�

(

�

non-Galois) solutions up to conjugacy.

Proposition :

��
	 � � � � �� � �
is equal to

��
�

� � �

where

�
� is

the minimal polynomial of one of the solutions.
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Canonical lift, AGM and CM

Join work with Gaudry, Houtmann, Kohel, Weng.

Let

 � �
� � be an ordinary genus

�

curve whose Jacobian

�

is absolutely simple. Let

�� � � 	 �
� � �

� � � � � � 	 �

.

Theorem : there exists a p.p. abelian surface (called
canonical lift),

� � � �
� � which lifts

�
and such that

� � 	 � � �
� � � � � � � 	� � �
� � �




It can be obtained explicitly by the AGM as a sequence in

�� which converges to the invariants associated to

� �

.

Proposition :
� �� �
	 � � � �

. The curve

 �

is a CM-curve
with CM field

�
. Moreover

� �

is principal � 


� � 	� � �
� � � � �� .
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Ordinary genus

�

curves

The AGM can be applied to every ordinary hyperelliptic
curve for point counting and with restrictions 1-4 for CM
constructions.

For genus

�

,

 � �
� � 
 � � 	 � ��� � �� � ��� � � � � �



The polynomial � is square free of degree

�

and � has
degree less or equal to

�

.

Remark : the Jacobian
�

of


has four

�

-torsion points
defined over the extensions generated by the

�

points� � ��
� �

where � � � �� � �

. We denote

�� �� , �� � �

, this
extension.
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Initialization

One lifts



over

�� : lift arbitrarily �� � to

�
�

� � � � �� �

and
define

� � �� 
 � � � � � � 	 � ��� � � � � � � � � � � � � � 	 � � � � � �



One can factorize the right member

� � �� 
 � � �
�

��� �
� � 
 � ��

�
��� �

� � 
 ��� � 	 ��� �� �


Initialization :

� � � � � � �� � � � � �� � � � �

� � � � � 	 � � ��� ��� � � � 	 � � � � �
	 � � � 	 ��� �
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Initialization (more)

Thomae’s formula give

�

initial invariants :

� � � � � 
 �� � � �� 
 �� � � �� 
 � � � � � � 
 ��
� � �� 
 ��	
� � ��	 
 � �
�

� � � � � 
 �� � � �� 
 ��	
� � ��	 
 � � � � � � 
 ��
� � �� 
 �� � � �� 
 � �
�

 � � � � 
 ��
� � �� 
 �� � � �� 
 � � � � � � 
 �� � � �� 
 ��	
� � ��	 
 � �
�

� � � � � 
 ��
� � �� 
 ��	
� � ��	 
 � � � � � � 
 �� � � �� 
 �� � � �� 
 � �
�

Remark : these numbers are
�

-adics analogs of

� �� �� � � �� � �
�

� �� �
� � � �� � �
�

� �� �� �
� �� � �

�
� �� �
� �

� �� � �



Then

� �� � �� �  � � �� � 
� � �
�

� � �
�

 � �
�

� � � �

.

The square root of an element of the form

� 	 �� � is the
unique element of

� � of the form

� 	 �� � .
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Convergence

One uses Borchard’s means to get a sequence in
� � :

� �
��

�
��


��

�
�

��
�  � �
� � ��

�
� � ��


� � ��

�
� � �

�



These formulae are :

�
� � � �

�
� 	 �
� 	  � 	 �
�

�


� � � �

�
�


� 	 �
�

�
�

�

�
� � � �

�
�

�
� 	 
�

�
�� �

� � � �

�
�

�
� 	 �
�


��

This sequence converges to the Galois cycle of invariants
associated to the canonical lift.

Remark : One may also use Richelot algorithm.
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End for point counting

Compute the norm of

�
�

� �
� � � for a sufficiently large  �

approximation of �� � 	 � 	 � .

Mestre showed that knowing � is sufficient to recover the
Frobenius polynomial ’up to a sign’ (no LLL needed, no
longer true for � � �

).

Records : Use of fast norm and Newton lift (Lercier, Lubicz)

� �

Lift Norm Total

� �� � � � �
1d 18 1d 16 3d 10� � � � ��
7d22 6h 8d4

� �� � �
6d8 25mn 6d8

For cryptography ( �� �
�

�� �� �

)

�



� ��� with FGH and

�



� � � with Harley.
Complexity :

� �  � �

in time and space.
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Back to CM : Reconstruction of the curve

Rosenhain model

� 
 � � � � ��� 
 � � � � 
 � � � � � 
 �
�

� � � 
 �� �

where the

� �are given by the following expressions :

� � � 

� �
�

� ��� �
	

� �
�

�

�
� � 


� �
�

� ��� �
	

� �� �

�� � 

� �
�

� �
�� �

�
� ��

� �are given by . . .
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Reconstruction (more)

��� � � �� � �� � � � � � � � � � �� � � � � �� � � ��� � � �� ��� � �� � �

��� � � ���� � � � � � � ��� � � ���� � � �� � � ��	 � � �� �� � � �� �	

The (general) duplication formula give these elements
from the sequence :

� �� � 
�� � � �� �  � �

� �� � � � �� � 
��� � � �� �� �  �� �

� � � �� � � �� � � 
��� � � � �� � �  �� �

� �

� �� � �� �� � � �� � � � 
��� �  �� �

� � � �	 � � �� � � 
��� � � � �� � �  �� �

� 	

� An approximation with precision

�

of the canonical lift

(or of one of its conjugates) after

�

iterations. Copenhagen 09/05 – p.18/27



Reconstruction of the invariants

Knowing

� � � �
� �

�� � �	 � � � � (Igusa invariants) � absolute
invariants

� � � ��
�

� � � � � �
� � ��
�

�� � � � � � ��� � � �
�

�	 � � � � 


Knowing these invariants with enough precision one uses
LLL : linear relations between

� �
�

�
��

� �
�� 
 
 
 �

� � � �

�

�

and one
gets � � �� � � � �

�
��
�

� � �� ��� � � �



Moreover one constructs relations

� � �� ��
�
� �

��� � � �
�

�� ��
�
� �

��� � � �



Relations

� ��
�
� allow to avoid combinatoric problems

between the
� � � � ��

roots.

The
� �may be only factors of class polynomials (not a

issue for applications).
Copenhagen 09/05 – p.19/27



The choice of the curve

Let

 � �
� � be an ordinary genus

�

curve.

1. Is � � irreducible ?

2. Is

�� � � 	 � � �

non-Galois or cyclic ?

3. Is

� � of the right size and

� �� � �

? (remark : � � � � .)

4. Is

��� 	� � �
� � � � �� ?

How to check that ?

We have � �	 � � � �	 � 	 � � � � 	 � � � � �� 


Remark : as 	 � �� �	 ,

� � �	 � 	 � 
 � �	 � �

is a power of

�

.
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Determination of

� � � ��� � �� 	


let  be an integer, � 
 �  �

an endomorphism and the
Rosati involution.

Lemma : Let  be odd (resp. � ��

). � � � � � �

(resp.

� � � � � �

and � � � � � �

) for all

� � � �  � � � � iff there exists� � ��� 	 � � �

such that �� �  � �

.

Remark : efficient computations with -torsion points.
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Is the endomorphism ring maximal ?

1. One determines the index of

� �	 � 	 �

in
�� and (if

�� �

)
the structure of the extension

� � �� �	 � 	 �
.

2. Let

� � � 	 � 	 � �  � � 
 
 
 �
��
�

� 	 � 	 � �  � be a basis of

��� over� �	 � 	 �

. For each odd factor

� �(resp. factor

�� � ) of  �one
determines the action of 	 on

� � � �� � � � (resp. on

� � �� � � � � � ) and one rejects the curve if the action of

� �� 	 � 	 �

(resp.

� �� 	 � 	 �
or

� �� 	 � 	 �

) on this group is non
zero.
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An example over

���

Let

��� � �
�

��� �

with � � 	 � 	 � � �

. Let

�� ��� � 	 � 	 � � � � 	 � � � 	 � �
�

� � � � 	 �� � 	 � 	 � � � � 	 � 	 � 	 �



The Frobenius polynomial is

� � 
 �� � 	 �� � 
 � �� 	 � �



It defines an imaginary quadratic extension of

� � � � �

.
One has

� � � �

(for the other curves over

� � � � � �

or

� �

).

� �� 
 � �	 � � � �

but
� �	 � 	 � � �� .

The relations are given by . . . .
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Relations

� 	� � � �	� � �� � �� � � � �� � �� � � 	 � � 	 � � �� �	 � � �� � � �� � � �� � � � ���

� � � � 	� � � � �� � �� � � �� � �� 	 � � � � �	 � �� �� � �� � �� � � � �� � 	� � 	 � �� �� 	 ���

� � � � �� �� � �� � � � �� � � 	 � � � � � � 	 �� �� � � � � �	 	 � � � � � � � �� �� 	 � �� � � � � � �� � �� �� � � �� ���

� �� � � 	 � �� � � �� � � � � � �� � � �	� � 	� � � �� � 	� �� 	� � 	� 	 	 � � � 	 � �� � � � � �� � � � � � � � �� �� � � � �� � ���

� � � �� � � � � � � � � �� � � �� 	 �� � �� � 	� � �� � � �� � �� 	 �� � 	 �� � � � � 	 � � � � � �� � �� � � � � � �� � � �� �� � � � �

�� � �� � � � � �� � � � � � �� � � � �� � � � � 	 � � �� �� �� � � � 	 �� � � � � 	 �� � � � � � � �� � � � � � � ��� � � �� � � � � �� �

�� �
� � � �	 � �� �� �� �� � � � �� � � �� � � �� � �� � � � �� �

� � � � �� 	 �� � 	 � � �� � �� � � � �� 	 � � � �� � � � � � � � �� �� �� �

� �� � � � � �� �� �� � � �� 	 � �� � � � 	� � � �� � � � �� �� � 	 � � 	 � �� � 	� 	� �� �� �

� 	 �� � � �� � � � �� � � �� � � � � � � � � � � � 	 � �� � �� � � �� � 	� � � �� � � �� 	 � �� � � � � ���

�� � � � 	� � � �� � �� � � �� � � � � �� � 	 � � � � � � � 	 �� �� � � � �� � � �� � �	 � 	 � � �	 � � � � � � � � ��

� � � � � �� � � �� � �� 	� � � 	 � � 	 	 � 	 � �� � � � �� � � � � � � � � � �� �� � � �� � � � �� � � � �� � � � � � � � � � � �
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and . . .

� � � �	� � � ��� �� 	 � � � �� � � �	� 	 � � � � � � � �� � 	 �� �

�� � � � � � � � 	 � � � � � � �� � 	� � � 	 � �� � � � ��� �� �� � � � � � � �� �

� � � � �� � � �� � � � � � � � � 	 	 � � � � �� � 	 � � � � � �� �� � � � � �� � 	� � � � �� 	 	 � �� ���

�� � � � � � �� � � � � 	 �� � � � �� 	 � � �� � �� � � � � �� �� � � 	 	� � �� � � � � � � � � � � 	 � � � � 	 ���

� � � � �� � � � � � � 	 � ��� �� � � �� � �� 	� �� �� �� � 	� � � � � �� � � � � � � � �	� �� �� � �� � �� � � � ��

� �� � 	 � � �� � �� � � � � � � � �� 	 � �� � �� �� � � � � � � � �� � � � �� � � � � �� �� � � �� � � �� � �� � 	 � �� �� � � � �

	� � �� � �� �� � � � � � ��� � �� � �� � � � � � �� � �� � ��� �� � � � � �� � �� � 	 �� � � �� ��� ��

�� � � � � �� � �� � 	 � � � �	 � ��� � � 	 � � � �� � � �� � � � � � �� ��� � � � � � � � � � �� � � � � � � � �� �� ��

� � � � � 	 � � ��� � 	 	 	 �� �� �� �� �� � 	 �� � � � � �� � � �� �� �� �� � � � � � � 	 � �� � 	� � � � � � 	 � ��

� � � � � � � �� � � �� � � 	 �� �� � � � 	 �� � � � � �� � �� � � � � ��� �� � � � � � 	 � � � 	 �� � � �� � � � ���

� � � � 	 � � 	 � � �� � �� � � �� �� �� �
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et.

� �� � 	 � � � �� � � � � � � � ��� �� � � � � 	 �� � � � � 	� � � � � ��� �� � �� � � �� � � � � � �� � � � � ��� ��

� � 	 �� 	� � � 	 �� � �� � �� � � � ��� � � 	 � � � �� � � � � � 	 � � � � �� �� �� �� �� �� � � � � � �� � �� 	� �� � � �� ��

� �� �� � �� � �� � � �� 	 �� �� �� ��� � � � � 	 	 � � � � 	� � � � � � � � � �� �� � � �� 	 	 � � �� �� � � 	 � �� � 	 ��

� � �� � � � � � � � � � � � 	 �� � � �� ��� � 	 � �� � � �� � � � � �� � �� � � �� �� �� � �� � � 	� 	 	 � � � 	 � � �� � ��

� �� �� � � �� � �� � � �� � � � � ��� � � �� � � �� � � � � � � 	 �� � � � � ��� � � �� �� �� � � � � 	� � � �� � �� �� �

� � � �� � 	� � �� � �� � 	 � �� ��� � � �� 	� � � � � � � � � 	� � � �� �� �� �� � � � �� �� � � � 	 �� � � 	 �� ��

� � �� � � �� � � � �� 	� � � �� ��� � �� � � � � � � � �� � � 	 �� �� �� � �� � � �	 �� �� � �� � � 	 � ��

�� � 	 � � � � � �� � �� � � � �� � � �� � �� � � � 	 � �� � � � � � ��� �� � � � � � � �� � � �� � �� � � � ���

� � �� �� � � � � � � � 	 � � � � �� ��� � � � � � �� � �	 � �� � 	 �� �� �� �� � � � �� � � � �� � � 	 � � � � � ���

� � � � � � �� � � � � � � � � � � ���
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Conclusions

Record : an example with class number� ��
over

�� �

(precision

� �� � �

bits). The leading coefficient of

� � is

�� �
�

� � �� 	
�

� �	 �
�

� � � �
�

� � � �
�

� � � �
�

� � � �
�

� � � � �
�

� � � � �



Improvements :

1. Use more information : one knows the conjugates of
the invariants � LLL in smaller dimensions.

2. New strategy : � � �

: enumerate all the curves �

quadratic LLL, data base (Houtmann, Kohel).

3. In the choice of curves : can we detect them quickly ?
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