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Auctore
L. EVLERO.

Seseculationes mathematicae, § ad earum vtilitatern
refpicimus, ad duas clafles reduci debere videntur,
ad priorem referendse funt eze, quae cum ad vitam
communem, tum ad alias artes, infigne aliquod commo-
dum afferunt, quartm propterex pretium ex magnita-
dine huins commodi flatui folet.  Altera amtem claffis
eas comple@itur fpeculationes ; quae etfi .cum nullo
infigni commodo {imt coniunctae, tamen ita funt com=
paratae, vt ad. fines analyleos promouendos, viresque in-
genii noftri acuendas occafionem praebeant. Com enime
plurimas inuveftigationes , vnde maxima vtilitas expecta~
ri poflet, ob folum analyfeos defeGum deferere eoga-
mur, non minus pretium iis {peculationibus ftatuendum
videtur, quae haud contemuenda analyfeos fncrementa
pollicentur. Ad hunc astem feopum imprmis accom-
modatae videntur einsmodi obferuationes, quae, cum
qufi cafi fint fadae, et a pofleriori dete@ae ;' ratio: ad
easdem a priori, ac per viam direGam, perueniendi mi-
nus, vel neutiquam, eft perfpecta, Sic enim cogaita

iam
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iam veritate facilius in eas methodos inguirere licebit ,
que ad eam direéte fint perdudturae , nouis autem
methodis inueftigandis analyfeos fines non mediocriter
promoneri , nullum plane eft dubium.

Huinsmodi autem” obféruationes , quae nuila certa
methodo funt fadtae, quarumque ratio non parom ab-
feondita * videtur , nonnullas deprehendi in opere 1L
Comitis Fagnani nuper in lucem edito; quae idcirco
omni attentione dignae funt cenfendse, mneque ftudium,
quod in vltériori earum inueftigatione confumitur, in-
tiliter collocaturn erit indicandum.  Commemorantur
antemn in hoc libro quasdam eximiae proprietates, quis
bus curwae Elipfis, Hyperbola et Lemnifeata fonr praes
ditae, haromgue curnarum arcus diverfi inter f& com=
parantur: cum igitur ratio harum proprictatum maxime
occulta videatur, haud alienum fore -arbitror , i eas
diligentius cxaminauero , et quae mihi infuper circa has
curnas elicere contigit, cum publico communicauero.

- Quod igitur primum ad has curuas attinet, no-
wm ¢, earum redtificationem omnes analyfeos vires
tranfcendere , ita. vt earum arcus non folum non alge-
braice exprimi, fed etiam nequidem ad quadraturam
circuli, vel hyperbolae, reduci queant.. Quare eo magis
mirum videri debet, quod Ill. Comes Fagnani inuenit, .
Ellipfi et Hyperbola infinitis modis eiusmodi binos
arcus exhiberi poffe, quomm differentia geometrice
afignari queat ; in curua lemnifcata autem infinitis mo-
dis eiusmodi dari arcus binos, qui ioter fe vel fint
aequales , vel alter ad alterum rationem duplam teneat,

' H 2 vode
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ynde deinceps: modum colligit in. hac curua. etham eius-
modi arcus affignandi, qui aliam inter fe rationemr
tenearit. :

Pro Ellxpﬁ quidem: et: Hypelbola mlnl admodum
maihi praeterea fcrutari licvit; vnde econtentus ero faci
liorem- conftruttionem: eorum arcuatn dediffe , quorurm
differentia, geometrice exhiberi- queat, Pro eusma autemy
lemnifeata  iisdem - vefligiis infitens, multo plures; imo:
infinitas , elicoi formulas , quaram beneficio mon. folum
infinitis, modis einsmodi binos acus definire poffum, qui
inter fé vel fint aequales, vel rationem teneant duplam,,
fed etiam qui fint inter f& in ratione quacunque nuME~
1. ad nomerum. -

I. De Ellipfi.
1. Sit quadrans elliptiens ABC, cufus centrinn i
{, eiusque femiaxes ponantur CA.._J, ¢t CB==¢
fomta. ergo' abfcifa quacunque CP=x, erit applicata
ei refpondens PM=—y—¢V(¥~xx); cuius differentiale

| dx . oy
cam fit dy == — F=5, erit abfeifie CP—x arciis ek

lipticus refpondens B M =< f220 :{f’_;;c)c 22 Ponatur
brenitatis gratia 1 —~¢r=p, vo it arcus BMofde V=

fimtaque alia quanis abfcifft CQ ==, etit fimili modo
arcus ei refpondens BN — fda V'=2-  His  pofitis:
quaeritur, quomodo hae duae abfciffie x et # inter &
comparatae efle’ debeant , vt arcuanr fumma

BM +BN=/fda VEZ00 - fdu v =i

L= T —uk

integrabilis- euadat; fen geometrice exhiberi gpeat.
2, Quaes
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2. Qmeftio ergo buc redit, vt determinetur,
énismodi funcio ipfis # loco # fubfiitui debeat, Vb
formulz  difRrentialis da Y S - duV S0 inte-
grationem admittat. Facile autem perfplcitur ; fi haee
quaeftio in- genere confideretur ,; eins {olutionem vtrius=
que formulse integratione inuiti ; ideogne aeque’ amaly-
feos fines transgredi, - atque ipfamr ellipfeos  rectificatio
pem. Gum igitur folutio- generalis nuflo miotdo’ expe=
Gari queat ; in folutiones particulares erit jtiquirendum ,,
quae vti nulla certs ratione reperii poffint ,; ita etiand
plirimuin: cafui et coniedurae etit tribueidom ; ex quor
earnm- veruin findamenturd etiainf ipfag {int coguitae.-

5. Primum’ quidem flatim otcurrit cafis == =%
Giio’ formiula noftia differentialis id nihilum abit  fed
guia hinc duo Ellipfeos arctis aequales et {imiles' oriun=
thr’, vtir lic cafi nirhis' et obuius, ita’ etiam- quae(tio=
pi' propofitae minime fatisfacere " eft’ cenfendus, Cun
igitur tentaminibus totum negotiumy abfolui debeat ;- fine
gatur ViTgocxay, et o ifa conéipiatur,” Vi viciffimy
fat VIS —gx, fic enimi' habebitur BM--BN:
= afwdx - oof v dfir— d xw—=Conft. omnino™ vt pofie-
fator.  Pro valore autem ipfius o habebimus tamy
§ AR T QAU A WY XA 0; QUAM ¥ —~ 715U~ AL XK
igaxzuw—0; vnde patet, flatui debere e et d=Vr;
jta vt A==V o BM--BN==xuV n--Conft.

4 Bifi autem Foc modo quaeftioni ftishctum:
videtor, tamen iftac determinationes in' Ellipfi locum
habere nequeunt. Nam cum fit- <1 quia #Z=¥—dc

H g erit
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efit a—pav<Lr—nxx ideogre z>1, abfifa ergo
CQ femi axem CA fiperaret, eique propterea .arcus
imaginarins refponderet ; ita vt hinc nulla concl.u_ﬁo‘con-
formis deduci pofiet.

5. Tentemus ergo alias form11]as ) ﬁtque tam
Vi =2, qum VET =%, wde ob ca—aasx
~RU~-nNX UR =0 et oL — LOUH — XX~ BXX UL 20
colligimns a—x, ita ¥t fit T—uy-xxtnrxuu—o,

1—X%

ideogue 2= = Hinc autem prodit BM—+-BN

: 2 a
e R L Verum aequfitlo U—-xx
=X ALK Ul dxnercntlatq dat :

dx-pudu — nau (wdurudx) fea ZEETUAE - g ey Ludx
vnde concludlmus BM-—+ BN =nf(xdu + udx) = nxu
—-Conft.
6. Haec folutio nullo incommodo laborat, cum enim
fit n<1, erit T-nxx >1-%x, ideoque u< 13 yti na-
tura rei poftulat. Sumta ergo abfciffa quacunque CP =,
capiatur _altera CQ= =Y % ; eritque fumma ar-
coum BM-+BN—nxu—- Conft. Ad qum con-
ftantem definiendam fit x—o, vt fiat BM—o; erit-~
- que #= 1, et arcus BN abit in quadrantem BM NA;
vnde fit o +]3 MNA=o- Confl. ficque haec con-
flans erit —BMNA. Quo valore eius loco fubftituto
habernus BM -—l—-BN-*nxu%—EMNA , ideoque

BM- AN—nxu- (x —u)xu—BN—-AM

, 7. Dato ergo in quadrante. e]hpt:co ACB pm-
&o quocunque M, affignare valemus alterum  pon-
' ctum
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@om N, ita vt differentia arcoum BM- AN, vel qude
huic eft aequalis BN--A M geomenice exprimi queat.
Quod quo facilivs pracftari poflit, ducamus ad Eilipfin in
pundo M nomalem MS, erit fubnormalis PS—e¢vwx,
et ob PM=¢V (x—2x) ip normalis MS=¢V (z-xx
coxx)=cV (1-~nxx); ideoque pro altero puncto N
abfciffa erit CQ:u:;'%-CA. Vel in normalem MS
produ@am ex’ C demiteatur perpendicularis CR, quae
producatur in V, vt it CV=CAzz, et ob & s
erit CQ=$2.CV. Quare ex punéto V inaxem CA
ducarur perpendicularis VQ, quae punctum°Q, et pro-
do@a ipfum punéum N defignabit. T
§. Cum fit PS=cex, et CS=x—cexznx,

ideoque CR=%Sf=%% —pyux. Hoc ego ipfum
perpendiculum CR  differentiam arcoum BM AN fen
BN-AM exhibebit. ~Arcoum ergo hoc modo defi-
gnatorum  differentia erit —axY '555%,  que  igir
cuanefcit tam cafa ¥-—o0, gquam X=r1; quibus p'um?ca
M et N in ipa punéta B et A inadunt. Maxima
autern  haec differentia euadit, fi nx*-2xx--1=0,
hoc eft i x= i quo cafl fit X—u, et ambo
punda M et N in voum puscium O cogunt ; _eritque
hoc cafi differentia arcuum BO—AOzZanxxc-1-—g,
ideoque ipG femiaxium differentite CA -CB fiet ae-
qualis: ,ita vt fit CA-+-AO0=CB—+BO.

9. Si pun¢um M in ipfo hoc _pim&o O capiatur,

vt fit CPow= jrkg et PM=yitg, ot PS= 5%y
' ' higc
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hmcouc MS=¢¥¢, vode varils modis fitns pundi G

commode definiri poterit,  Cuom autem fit CM=CO

= 3{?:1)} =V{1~¢+4¢o)=V (1 ~4-cc—2ccof 60%),

vnde facilis conflruétio deducitur: fequentia ergo Theo-
remata {obiungere vifum eﬂ, quosum demonflatio ex

aliatis eft mamﬁaﬁa

Tab. L
Fig. 4.

Fig. 3.4,

Fig. s.

" Theorema 1.

x0. In quadiante ellipico ACB, fi ad punéturs
quoduis M ducatur tangens H MK, quac cum aitero axe
CB in H concurrat, eaque alteri femiaxi :«C A aequalis
capiatue , wt fit HR=CA; tum vero per K axi CB
parailela agator KN ellipfin l"ecans in Ny arcoum BM
et AN differentia BM—AN geometxice affignagi pos
terit ; dumﬂ'o enim ex Centro C in tangentem per=
pendlculo CT, erit ifta arcoum differentia BM-AN=WT,

Demonflratio ex figyea fponte patet , cuym . tan-
gens HMK fit reftae illi CRV parallela et aequalis,
tm  VEIO Perfpacuum eft, efle MT=CR,

Theorema 2

11, Si faper quadrentis elliptii ACB altero fe-
miaxe CA triangulum aequilaterum CAE wnﬁlmatuq
et in eius Jatere AE portio capxamr AF=CB, iu-
&acquc CF aeths apphcctur in cll1pﬁ rc&a CO3 pun-
&um O hanc habebjt proprietatem, vt fit CA —f-arcu AO
—=CB—+ arcu BO.

Demonflatio ex §. 9. euidens eft, Com enim fit CA
=1, AF=¢ et ang. CAF=60" erit sz?..‘}/gx+cc~2cco(50°)
1deoque —=CO,

x1. De
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II. De Hyperbola.

re. Sit C centrum hyperbolae AMN emsquc
fmiaxis tansuerfus CA == &, fmiaxis conitgatus =—¢,

erit fimta. abfcifid quacunque CP=—=x, appxcata PM

xd
=¢V(xx—1), eiusque difftrentiale =y7z""5; vide

fir arcus AM=—=TE2RlFD =) posarur breuitatis

W (%% ,) ,
gratia Ttce=n; erit AM=[dxV 5=, Simili er.
go modo fi capiatur alia quaeuis abfifla CQ=uw, erit
arcus ef refpondens ANz fduV 5=

1g.- His pofitis ifta nobis propofita fit quaeflio ,

Tab. k.
Fig. G

vt dato puncto M alterom N ita definiatur, vt fum-

ma arcoom AM~- AN, few expreffio fﬂ"llem?xf*}'

- fduV AL abfolute integrationem admittat: quod
®u i g i ? q

‘quidem euenire eafu #——-x {ponte patet; verum hing
nihil ad inftitoture nofirum: concladers licet..

14. Ponamus ergo VEZSTE=4 Vs, cum hine

‘vicifim fiat VE5F =% Vs, vuingue enim  prodit
haec aequatio zuuxx—n(m-+xxj+1—0¢. Fada
antern hac hypothefi prodit fumma arcum AM-FAN
= fudxVn—fxdaV n—=uxVn-t Conft. Haec ergo
integrabilitas vt locumn habeat, oportet fit wv::j_:_—;
vnde cum ob a1 pro_deqt quogue # =1, ex dato
pun&o M femper alterum punttum N afﬁgnaz&i'

Pﬂtﬁ rit.

15. Ad conftantem definiendam patet calim a=g,
quo . punénm M in verticem A incidit, nibil junare ,
cum inde oriatur ¥—oe, punétumque N in infinitum

Tom. VI. Nou, Com. 1 rerno~
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Fig 7.

remoueatur-  Quocirea vt haec conftans debite determi-
petar , aliom cafum confiderari oportet 3 potior autun
pon occutrit, quem is, vbi pun@a M et N in voum

. coglefcunt , feu quo fit u——&, et Axt—2AXX—+ T IO,

Hinc autem: oritoy xx_'—_l—]‘—;,fl—j_-a) et x=V (14 VT:—_E:})

16. Sit igir O hoc punéum , in quo ambo
prn@a M et N coatefcunt , dudtaque aprlicata O1 erit:
ablufla Cl=V (1 +vrcm & e A=V {1 4 c6)
—-Conft  Hine ergn obrmemus conftanrem quaefitamy
— 2 AQ—s—V {1~ ey 0b V=V (1~ .. Quor
yalore “fibftituto erit pro.  quibusvis - punétis M et N.
diverfis, ita foms, vt G u— Vi funpma arcuuny
AMa-AN—ux Vi 2z AO—e—V¥t I A= 00 jofem

ON-OM=—sxVa—c~V[1—4cc). Sic igitur duos.

arcus nadti (unmus ON et- QMe,  quorum: differentia.

‘ON-OM geometrice affignari. poteft..

17. Quo autemn facilins. patear, quomodo  tamy
pun&um O, quam ex puncto M pundum N definiri
greit; engatur iz A perpendicalum A =¢, eritque
& CD byperbolae afymtota 5 tum pofits CP= a3
PM—y, duatar tangens MT, erir ob y=eV{xx-1})

d {xx —
et dy = jimoy (Wbtangens PT=YYE=D— g2, et
. - ¥ I s .
CTz=%y et 1p;aT tangens M T :3—”—1‘%——;; MTHmc pro-
gx =71 _PT .5 . M e N &
d!t Vruﬁx--x — MT» ]dcoque ﬂ—-PTy{{;-&-cc},"C DB T — &

r8. Dusatur ex centro C tangenti F M paraliela
CR—=CD, demifioque ¢x R in axem perpendiculo RS,
et CS—=55: 5T ideoque CQ—= € Quare CQ ca-

it
w004 erit tetba propustionalis ad ©5 et Ca. Com-

modins
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.modius autem ves fequenti modo fine tangentinm ad-~
mini :pedietur: —— 80 o £
miniculo expedietr: ni:ﬂm CLTTD_iit ON = grmim= v
erit PM.QN= y. 5% = ¢p vel demiffo ex A in
afymrotam perpendiculo AE et PM.QN:=AD. DE

AD? ‘ - .
ob DE = &5, vnde fequens "Theorema conficituts

Theorema . 3.
+g. Bxiftente AQZ hyperbola, € eins <centro, Fig, 8
A vertice, et CDZ -eius afymtota, ad guam €x A
axi perpendiculariter dudta fit recta AD, iemque AE
ad afymtotam perpendicularis ; fi applicata conflituatur
10 media proportionalis inter AD ‘et DE, atque
~trinque applicatae P <t QN ita fatvantr, Ve inter
«eas fit TO wmedin proportioalis 3 Lum arcuum ON et
OM differentia :geometrice aflignari potexit. Erit enim
‘CR.CO—CLCT

PDN—O0M = = .

‘Demonfiratio ex §. praec. eft manifefta. Cum  enim
punctis Mer N in O countibas fit 10. TO—=AD DE,
erit 10 media proportionalis inter AD et DE; hac-
gque inuenta cffe oportet PM. QN = Ol OT. 'Tum
vero ex §. 16. intelligitur efle ON-OM=(CP.CQ,
—CL.Cl)Vn, et ob Va=CD, -eri homogeneita-
temn imolendo ON—OM = (CP. CQ-T .CD g—f;
At cft $¥ = CE, ficque conftat theorematis yeritas.

III. De Curua Lemniscata.
20, Haec curua o©b '-piurimz{:s , ‘quibus pracdits
wft, infignes proprietates inter Geometras ¢ft <celebrata,
S iz im-
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b, 11 imprimis autem quod eius arcus arcubus curoae eldfticae

Fig. 1. fint aequales. Natura autem Dujos curzae ita eft com-
parata , vt -pofitis coordinatis orthogonalibus CP.=—x,,
PM ==y, ifla aequatione exprimatus {ax—=yy)i=xx-37.
Vnde .patet -hanc curuvam -efle lineam quarti -oxdinis,,
quae in C, quod pun&tum eius centrum dicitur , cum
-axe ‘CA angulum demireftum conflitiit, in A autem
ifomta CA.—=w, axem npormaliter traiicit.,  .Figuma
autems CMNA quartam partem .totiss lemniscatae -ex-
“hibet, cui -tres «reliquac partes circa centrum C aequa-
les funt .concipiendae; id guod inde liguet,, quod fiue
abfciffa &, fine applicata .y, fine ytraque, negativum vale-
irem .indnat, aequatio .eademn .manet.

2. ‘Quod Igitur ad “expréffionem areus cuivsgue
fCM hdios cutuae -attinet, is commediffiimie €x - corda
M -definitar. S cenim “hanc -cordam ,PORAMIES
‘CM—=z, -ob a¥—-y——sz habebimus:

e el (e X X e e 3 R
wnde elicimus

e BT iy ot R
et differentiando
. o (s a2z ®)
"d'z-—.-vr:a(l“_ﬁ_gz) t dya-—-
Hinc - -ergo -elementam . arcas CM .colligitue
V(43 AUy = d 2V = el o) (e

' de 2 (e 22) (1 —.z)
e V(@8 =iy

dz(l’--— 2"".‘1.’]
¥z (1 — = %)

t22. §i 'grgo .corda . -quaecunque - ex centre “C <gda.
fta _ponatr CM-= R, €Lt arcus .ab  sea Hubtenfss
: M=
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CM= f "y Simili -ergo  medo fi 4lia -quaedis
. rcorda CN dlcatur ——u, -erit arcus ab ca fubtenfiis
CN=/7= ﬂ, ,,,); ciius complementum ad -totum gua-
«drantem -eft arcus AN. Izm Il Comes Fagnani do.
rcuit , coinsmodi funciio -ipfius & capi debeat pro u, vt
vel ‘arcus AN aequalis -fiat arcd CM, vel vt arcus
‘CN fit -duplus arcus «CM , wvel etiam vt arens AN (it
:aequalis duplo arcui CM. Hos ergo cafis prime expo-
mam , déinceps autemn , quae mihicirca alias ‘hulvsmodi
;arcusm yproportiones .eruere contigit, in medipm fom .
zallaturas,
“Theorema 4.

g, Tn curua lemniscata ‘hadepus -deferipta, M
sgpplicetur -corda quaecunque C M .—:z, :dliaque infuper
:applicetur , -guae_fit CN:M:W/E%;, cerit arcus CM
.aequalis arcul AN, vel etiam arcus $§CIN (aequalis arcui
1AM |

‘Demonftratio,
“Coro it ‘corda :CM =g, cerit arcus C M= ﬂffz‘h
cet Ob couhm CN=—# erit arcus CN= [ 77+= (,d__m) At

pe— %% — azdy

Lyﬂ ﬂ: +ZZ 1 vnde ﬁt du-———{l_}_zz 1’(1—%1‘) Pl’aﬁ‘
:-—zzz—l—z"‘ Y-
tterea vero eft #* _1_,_2“’_,_24, ideogue:1 —z.‘__-(l_,r_gz),

et V(1 —u*) = ;e Quibus valoribus ' fubftitatis ha-

T e R

ibebitue  arcus CN— — m:—*arc CM -3— Contt.
(ta vt Gt 'arc’CN —=arc. CM = Cofft. ;Ad :hanc
ceonftantem définiendarn pcrpcndatur cafis :.quo 2 =0,

deogue vet .atcus-CM =0, hoc aurem.cafu fit: corda
,I 8 ECN =
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CN = u = 1 ==CA ; ideoque arcus CN abit in qua-
drantem CMNA, ex quo habebitur pro hoc -cafin
CMN A -+ 0= Conft. Hoc ergo valore fubflituto pro-
dibit in genere '
arc. CN—-arc. CM==arc. CMNA
 hineque are, CM —arc. AN, et arcum MN -vtrinque
addendo arc, CMN=—arc. ANM. Q. E. D.

Coroll., 1

24, Dato ergo quocungue arcu CM in -centro
C terminato, cuins corda eft CM =z, ei ab altera
parte feu vertice A abfcindetur arcus acqualis AN, fu-
mendo cordam -CN=—z=V5 %5 fu CN=~CA
V CAZ — CMZ ;.1 . ' .
ST » ‘pomogepeitatem supplendo  jper BXeER
CA=1- |
Coroll, =2.

25, Cum fit &=V, — 27, erit viciffim z:VFjT_—-T—:g;
vnde cordas CM et CN inter fe permurare hcetr, ita
vt {i ambae cordie CM ==z et CN —u# ita fuerint
comparatae, vt fit z#2g-t-u—gZ="1; ctam pundta
M et N inter fo permmtirl queant, indeque prodeat .
tam arcus. CM = aic. A N, «quam arc. CN=— arc. AM.

C OYOII. ‘g.
56, Cum fit CN—u=V1=5Z, erit Y akus
T Ae=yu % - )
== Jigam o Y 5 = s Vnde cum €X mna-

qura curnae lemniscatae pro puncto N, .coordinatae fint

— Jouu O = e i _ 2
CQ—u¥ —— =t QNzuy T, ait CQR=Fo=
' BE
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“ —— u e . A 'QN'___N \ .
et QN= ;=5 idenque co = % Quare fi in A
gd axem CA crigoros normalis AT, deaec cordae CN.
produae. occurrat. ini T, erie AT—=a=CM.

Coroll. 4.

27, Bx datn ergn punto M. elterum punétum N
sta facillime defimtor: capiatur tapgens AT aequalis
cordse CM , dudtaque: re@ta: CT  curvam in punéto
quaeito N fecabit, Ob eindemn gotem rationem  patet,
i cords CM producatur, donec tangenti in A OCCULs
gat in. S ,. exit. panter. AS—CN..

Coroll. 5.

o Manifeffure etian: eft ponéta M et N im
num pundum O coire pofle, o quo propterea totus:
quagrans CO A in duas partes aequales diuiditor, 1o~
wenietar ergo hoc pun&tum O, { ponatur # 3, vnde
fir 5+ 4 2zzx—1, hinegue gz—4-1=V 2 prodit er~
go corda CO=V(Va—1), cui fimul tingens AL

erit aeqmilis, vade: fimul pofino: buius puucti G- ficile:
gllignatur,. .
Coroll. 6. |

29. Notato ergo hoc pundto O, quo totus qua-
drans ¢ OA in duas partes acquales CMO et ANO
dmiditur, erit quogue pun@i M et N por regulam ex-
pofitam -definidis arc, MO =arc. OGN fta vt iem hoc
punéom O omaes arcus MN in duas partes acquales

difpelcat..
Theore-



Tab. IE

Fig. 2.

w2 OBSERVATIONES DE COMPARATIONE
Theorema. g

go. In curua lemniscata coins axis CA=—rx,

fi applicata fit corda quaccungue CM=z alla)quc in-
—

fuper chorda applicetur CM=u= ’zf_(f:;-"‘ , erit:

arcus a corda hac # fubtenfus CM# duplo .maior quam

arcus ab. illa corda fubtenfus CM..

Demonftratio.

Com fit cords CM=2, erit arcus CM=fy i
fimiliterque ob cordam C M? =« erit arcus CM>=f .,r(f_uﬂ,
Quia antem eft g== EYUZED o gy EESEL
ideoque V (x—uu)=

1 g B ¥ rmpmz 222
rrmams

1 e A et Y(I +uu} 1.-'!-?:-

— £ i
wade fit Vi —w) =" aw-. Tom vero differen-

o admli —z 85— s z¥dels 24 s 2 ¥ d B (128

- tiando colligitor 4w = —————Taey; =29

fou du = HEZEEERL IS = RS

Hinc ergo nanciftimur yrosy = g7 et inte~
grando are. C ’W:—z arc. CM —-Conft. Cum autenr
pofito z==o fiat etiam #=—=o, ideoque ambo arcus CM

et CM” euancfeant, conffans quoque in nihilum abit.

Sicque fimta corda CM* —u= 2¥L=2 et arcus

CM*=2 are. CM. Q. E. D.
‘ Coroll. 1.
g¥. Si capiatur cords CN=V 1225, erit ar

s ANz= arc. CM, hincque etism arcus CM? erit
=2 are. AN. Simili modo fi capiatur corda CN*

Y — Uy
=V T5au» et arcus AN== arc. CM®, ficque etiamy
a ver-



ARCVVM CVRVARV M IRRECTIFICABIL. 73

a vertice A erit arc. AN*=aarc. AN. Hoc ergo
modo obtinentur quatuor arcus inter f& aequales fCilicet
arc, CM, arc. MM+, arc. AN, et arc. NN

Coroll. =
g2. Cum autem fit #—= X220 0 V(s —ua)
e T 4 T ’—:F—}f_%r——*, hae qua-

tuor <ordze ita habebuntur expreflae vt fit:

 —x e 22V (i =24 1~z B D=z
CMz=z; CN= 'I/,__j_.uz,CM T LCNz oot

Coroll. .

33. LConueniant ambo pun&a M* et N* in cur—
vae pun&o medio O, pro quo fupra vidimus efle cor-
dam CO..J/(Vz—I) atque hoc cafu tota curna COA
in quatuor partes -aequales difpefcetur in punctis M. O
et N. Hoc igitr evenit fi it CM*=CN*=V (¥ 2-1):

ita vt pofito brevitatis gratia V(Va—1)==a, habea-
M. T -228-2 "0t sagz—agt fen grm THEEEERIE

(1) ¥ 2 (1 - & ) — =Y (V2 )iy

et 22z = vel sz —— v

Vnde colligimus CM —p— V¥ =i=23¥elhat o CN

—y = a4+ 2 {1 J-aa)
- 1 e -

Coroll. 4.

_ 34. Coalefcant ambo punéta B> et N, et pun.
@2 M et N? pariter coibunt, ficque tota curua CM N A
,opundtis M et N rnfariam fecabitar. Pro hoc ergo ca-

2 Z'\/tr-—z"') =B 1 e 1—zZz-p¥
fu habebitur vel =~ = V S35 vel 2z g

quarum  pofterior dat 1 —%~2 Fz—23°~2'-2=o0,
Tom. VI. Nou. Com. K hacc-

Tab: T
Fig. 3-

Fig. &
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haecque per 1.+ % divife: v-22- 2278t =0; cuius.
concipiantor: factores. (- m x4 22)(1- ~yz-2z2)=—o,,
entque .+ 20 et v=- 25 vode: fit gy 2V,
hicque == r——}—Vg et, v—=1—V.g. Erit ergo.
P :-4-—1’:“*“9 : iz ""CM et ob zy— ey amtma Y (14 (f—l—'ef 1V2vs

onethN 1/""”‘ V““"+fr+ﬁwz\f_~._1/-+—v g

ez s = ke el V3V “+vz;
Bf ingue CM= Afe=tade o CN=Y 1372

Coroll.. 3.

Tab. 1L 35: Dito: etiim- quocunque arcn CM= , invenirii
Fig. 2, -poteft: eivs- femiflis CM:. i enim arcuy illins ponatur -
corda. CM?—=u, et arcus. quaefitl cord«. CM—z, erit:

:u___zz‘\/-{‘;,z"i_z_) et: T — S et +z":::c i o

ins.. fackores concipiantur: {1.- w2224} 1—?35-—2)__
vnde: obtinetur p.+v_~— et MrT43, erit: ergn -y
=PRAE W —1)—- uu-l/ (1-u* hineque p— P22l Yo —ut

uu-

e __——1’(1—144)4-‘\/ = { 1/(1-‘
ety =TT ergoizaT ™ P cu

vnde. pro 2 duplexa, valor realis..elititur ;.

V-V —-u*)—r— V2l bty L YVl iiu)- iy

alter z— Ty :
_ {o1d= V1w ut) —i-v 2= V(s —u‘)} V(:—!—w’{:'—uu)) Houm)-2)

alter 3=, = - . :

Coroll.. 6..

Fig. 2. 26> Duplex- hic: valor: revera: locumn obtinet ,
cum enim  eadern. corda-C M2 et. Cim® duos arcus dz-
verfos. CM® et- CM2m? - fubtendat ; alter: valor ipfius =
pracbebit cordaro arcus- CM,; qui: eft €miffis arcns C M2,
alter antem valor ipfius 2 dat cordam arcus CM , gui
. et
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et femiffis arcus CMe2m®: ac prior quidem valor pro
illo cafii, pofterior vero :pro hoc locum habet.
Coroll. 7.
-g7. Hoc modo etiam lemnifcata CA_ in gquinque yig, 6.
-partes aequales dividi poteft,  Sit enim corda partis fim-

.. . . -
plicis Crz==; corda partis duplicatac Ce ”,"’_5_’—;%}

. . . . ) . )  —uk
~-y , erit -corda partis ‘quadruplicatae Cq=ris™

. - .
= %‘:;';‘z, quia et A4=—=Cr1; vode corda z de-

finitur , qua inuenta cum fit C2=A3, erit corda Cg
ey LTRE . :
- me—_ g U .

oA v P

Coroll. .

8. Cum thinc pofita -corda -cniugpiam ==
yeperiri poffint -cordae ;arcaum «dupli , quadrupli , ofttu-
pli , fedecupli, ete. manifefiom et -hoc ‘modo etiam
lemnifcatamn in tot partes diuidi -pofle , ‘quarum nume-
jus fit 2™ -2 In hac autem formula -continentur
fequentes numeri 7 ‘
1,2,3:445 6,8,9; 10{12{161 1+7,18,20,24,3 2,33 ctc.
Verum hioc non femper -omnia -divifionum puncta as-
fignare licet.

Scholion.

39. Haec igitur funt, quac T, Comes Fagnani
de corma leronifcata obferuauit , vel quie ex eius inuen~
¢is derinare licet. Eefi enim tantom propofito  arcu
‘quocungue  €ius duplum affignare docuit , tamen hune

arcum iterum continuo duplicando, etiam cordiae arcunm
K2 quadrupli,
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quadrupli, oftupli, fedecupli etc. inde colligenrur:  Nam-
que fi corda arcus fimpli faeatur —z; arcas dupli —u ,
quadrupli == p; oQupli =g, fedecopli. — ¥ ete. exit:

o 23 Y — 2AY
U= —— %=

ozl —ut) w2 (1 — 6 2F ezt (2t
p-—- 1 uf — (1 - z“’)*-;—md‘*(:—z")’
z?’V(r—P‘? zflv’fl—*fz“}

g”" f -{-P" 7 r = t—]—q“' Ccle..

Aliorum autem arcumm multiplorom cordas ex  his affi--
goare mon licet. Quemadmodum ergo arcuonr  quos
rumuis multiplornm cordae exprimantur, hic. inveftiga-
bo, vt hoc argumentum , quantum limites amalyfeos id:
quidem permittunt , penitus perficiatur.  Primom quis-
dem tentando- elicui, fi areus fimpli corda fit =z,
tam arcus tripli cordam fore — %;‘fﬁ::a) Verum
poftea rem. fquenti modo generalirer- expediri pofle ins

tellexi;

Theorema 6.
40. Si: corda: arcus fimplicis. CM fit ==z, et
corda arcus » cupli CM"—u , erit corda arcus {4~ 1)

2V T gy Y L2
+ P M=l — U Y e BB
CUP]I oYU - (G —uu)(r—=z)

L—uzV g nwuw){t ez z):

Demonftratio.
Erit ergo- ipfe- arcus ﬁmplex CM— f 7% -z"-) -
ans n cuplss CMP= [ e —pf 1 —am: ideogue ha--

d e
bemus du= “5( 2. Ponamus breuitais gratia 2V e

=P, et u¥ I‘,\,_,?G,p:,,__QJ vt. fit. corda. pro arcu. (74 1),
atplo:
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cuplo’ exhibita CM»+* =1 '*';g;, quae dicatur =5 at

que demonftrari oportet,, eﬁ'e arcum huic cordae refpon-

- — ()i

dentem _fﬁ,_,,,,) (?;—i- I)f-,r( 2 f?; 1&@“’a&5’m
1 = PP

Cum. autem fit §== =55 erit ds== h__PQ)i"' ).

tom vero reperitur
'—PQJ*—(?+0-1" — (1PP4-QQ4:PPQ0 i ~PPLOO -4 POE-PEQQ .

A i QO PP QR
4 QQ M = Y ¢ BO-T PQ.O)
ergo V (—sHy— s RGeS
&x quo. elicitur :
: 4 Q Q8 t PP
ds dPV]+PP+dQV,+QQ

V(=) V{1-PP-QQ-4PQ+PFQQ) -

enius- expreflionis ergo valorem inuefligemus «

Ac primo quidem eft r 4 PPz LR EEEERLES
e LA DR LU 1-.4_1;’} u:+zz
et -+ QQ= L. ira ve it 2555 = T o
. 1 U 1 +zz
ideogue: as dPV e = AQV T i A
TV (x-s )' (z—PP- Q_Q+PPQQ~4.PQ)

Dezinde verc ob

. — e RU T AR e Uy 2 _ Topmzoampuner:
y— PP SERTEEELGS o 5o QQs Mt

eric
— 2: 1 =2yt L Sy ey ey b e
(1——PP)(I-QQ) 1-PRQPQem 5 _i_u;m;: ety

e u2¥ (1 2h 1 —aut)

et 4 PQ= 5 s5T—=n— ; hincque concluditur. de--
nominator V(1 -PP— QQ+-PPQQ-4PQ)

YOt B ut gty g Y (1 — 247 )
V=2 2){1 q=uy):
Vi —2z*{z1-uH—2ux . ]
YOz gl a-sw 9 ©% quo obtinebitur.
85 AP(Aeuul4d Qlr - m2);
V1 =) T = 21 -0 — 2 Rz, ~

Iam wvero differentiando elicimus
dP dz-}/ T TU zzudu

1 +u:z {1 - V(l-'ﬂ‘j
o . | — 1zude
Q= duV 5=~ (225 -2%.
K 3 quare-

H H
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do (i — ut '
quare ob .4#z= neny et erit
o Y —— U 2wt B
di d‘z V e W - (:—q—uu)v(:.—?z_:)
ndz«;!:-m-u‘*) puwdm
éQ""" e trYy (:-—*-‘-zzw([-—z*
vade couficitur snumerator 4P (1 ——uu)--4Q(x +zz§

suzd®

== A2V (1) — SRS bndzY (1 -u') — Gy fine
AP (1 +uuy+dQ(x zz)=(nt1)daV (1-u)~ *‘3?:1{;‘5‘*“
‘*-W*”MZ'V- IRV
= i (V[ =) (1 ) —2uz)
vnse pelfplcuum eft . effe
I g (f,?' ’)d" et arc, CMr—=(n-1-1)arc, CM

+

1] -

Coroll. 1.

41. Si .2 wertice ,A .abfcindantur arcus Am,
An, Aprt arcubus € M,CM% C M*~+* refpective
sequales , erit Cm corda .complementi arcus CM, Cm®
corda complementi arcns CM®; Cm" ™+ corda com-
plementi arcus CM* . Erunt autem ob cordas CM==z;
CM*=—g; CM*+: =5, -complementorum cordae

Cm=VIiT2, C:?Z""‘T”_M Cupr =7V 2=

- t=t-uu? -i--ss
ZVImuu+u~V1_Zz
o — 1nt G BE—— L
Com sutem fit §= P =N T 1-PQ erit

(= ) (1 A % B)
t =S¥ I“—PP—‘QQ-""'PQ_"!'PPQ,Q’ v(r—m"’}(l__ud-)_!uz
e

T T (1 a-FE(1 - QQ) T T e Lk
guze ad hanc formam reducitur :
I—"S.S' (:-—zsz)(:-—uu) —_—ye

(1 gz 2} (== 1)

I _;_; (1 _.--z.z)(x—uu)
+ 1--#% V{x - %) (:—i—uu}

COROL.
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Coroll. 2.

42. Si igitur ponatur:
corda arcus fimplicis = = 3 corda complementi = Z.
corda arcus # cupli = # ; corda complementi = V

vt fit Z= :;:“% et V ,—’—3::%‘:, erit
corda. arcus (#—t-1) cuph — 1‘_’_—*51.:%:

—Vzu

.corda « complement}\,,» = T

Corole %en

435 Inuentm ergo+ corddrun: arcunm: quornmuis
multiplorum . vna. cum: cordis- complementi: ita €
habebit: ,

Corda arcus> cordd complementi *
Gropli: =— a4 - - = fimplii= A:
dupli: =&= 22As - o dupli= ey v == 8
wiplic == BEH. - mpi=2EE=C
quadrupli- = d = $-54s L4 quadrpli =255 5e = P
quintupli. == ¢ == Do s quintupli == f—_]f;;;{% =B

Coroll. 4.

44 Simili” modo- fi corda arcus #7 cupli fit =75 COr="
da complementit — -R ;. et corda: arcus micupli = &

einsque  corda: complementa-__—S vt i R=— Vi

1 +ry
$5 ¢
et S=V =, exiticorda arcus: (mtny coplin = S EE
-—.TQ

RS
et - c01da complementl” == SRS Quinetiam- famexns
do: pro # 'numernm: neg atingm , quia tum. corda S -abit
' - in

— iR -
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in fii negativum , corda differentiae illorum arcuum ex-
hiberi poterit, erit fcilicet corda arcus (m—ﬂ) cupk

T Se—sR - : o e R Smpr$
T rEs ot corda complementi éius == 5= ,_NRS-

— I TiRs
Coroll.. . 5.
45. :Sumpis ergo denominationibus , quae in €O~
roll. g funt adhibitae , erit quogue

2 4B | . BB—45

A= T BE Y PT rnE
bCarB BC—be

= TTpBe S B=TTEe

Coroll. 6. R

46, Ex his colligitur fi corda arcus fimplicis fta.

tuatus ~—=2; valores cordarum’ in coroll 3 adhibita-
mm fore

- P —2
ﬂ’__z, A V:-}—zsz
7 — 28 Y —29, 1 — 23—t
Ua——' _+_-':—+ 3 BF‘I«-{—‘!ZE:——Z"

= tli— et — =ty C- (14t P gz 1 —22)2 4 /91— 28
R 62-"— 1zl) 9 i a i tzm(1— 2R | 1%
d =* a2l - szt -2F)(1-24) | D (1= 62-*4-%’)’"552‘(’”“‘)(‘"“2"'—)-2

(et -1 6a (1 — 2 limez#3-28

Sch.olion 1.
S~ R

' . V. r
47. Ratio compofitiopis formularum T— %3

g — 5 . . " . . .
et T rm imprimis ideo notari meretur, quod fimilis

eft regulag, qua tangens fummae vel differentire duo~

rum anguloram definiri folet.  Si enim fit ¥ S—tang. o,

et sR=tang. f3 erit T2t — rang. (a+p) et pro

diffe-
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differentia ‘in coroll. 4 -exhibita L = tang. (e B)
Simlllque modo #i _ponatur -R S tang.q et rs=tang. )
cerit TiiRs = t’lng (p—0) et s s = tang. (v +3).
{Commodiss autem .ifta cornpoﬁtloms ratio repraefentas
:bitur , i ponatur

Corda :avews 7 cupli a*_Mﬁnp,, wcorda complementi
R—=Mcof o

Corda arcos # cupli J_Ni'm y; .corda compl S=Ncoly
tum enim -erit

. S g CHNJin (e )
:Corda -arcus :(m-+ 1) upll = erim e

. . . : M Noof, (L= v}
‘Corda -eius -comrplementi RN e

Cort e (g et o3l MNSi—a)
Corda arcds “(m ~#) copli = +mmm ey
J— M N6, ((L-— &)

‘Corda cius complementi == s—mmre bemrion
Cum autem it 1 —r7—RR=7yRR, erit 1 —M M= M+
gin pecof w2, ideoque Mefiopcof i =V {1 —MMY
et Nefinyeol v =¥ (1 —NN), snde iftarum Jormula-
aum denominatores abibunt in -

1=V (x—MM) (1 —-NN) et 1-4-V(x—~M?){—NN)
Practerea vere ex illa aequatione 1—~MM=M*Snu cof.
g fit FF=—3-+3V (14 n2m oz ob fina &
—-efinxcol m. Verum -hinc .illae formulae -non concin~
mmres eunadunt.

Scholion- =

48. Ex his obfernationibus calculus integralis non
contemnenda augmenta coufequitur , fquidem hinc plu-
Tom.VI. Nou. Com, L rima-
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yimaromn aequationum differentialinm integrales particulg-
res exhibere valemus, quarum integratio in genere vix
fperari poteft. Sic propofita asquations difitrentiali
du __ 42
Vie-w) — V(=)

prieterquam quod cafuss integealls # ==z per-f& eft ob

vius, nouimts ei quoque fatisfacere w=—— iz In

genere igitur cum integratio conftantem arbitraviam pu-
ta C inuoloat, erit # aequalis fmdctioni cuipiam , quati-
titstum 2z et C; quae tamen nihilomiaus ita erit com-=
parata , Vi pro certo quodam ipfius C valore flat =3,
itemque pro alio quodam ipfius C valore, e
Duoc ergo dantur valores , quae conftanti huic C tributi
funttionem illam in exprefionem algebraicam adeo fim-

plicem conuertunt,
~ Simili modo propofita hac aequatione
du od
Via-w) — =)
duos habemos valores, quos ei fatisfacere nonimus;

] 2 2 V(1 — 2%) —1 4223+ 2
# == et 5=

12t 1-+2223—-2*
pariterque geminos valores exhibere docuimus qui in
genere huic aequationi fatisfaciant

mdu ndz

Vi —u) — Vig—z%

vnde
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vode via ad harum formularum  integralia seneralia ine
venienda non parom praeparara videtur.

Deinde quae fupra de ellip et hyperbola fimt al-
lata, fequentes aequationua differentialimn _integrationes
fpeciales fuppeditant.

Propofita enim ex §. g hac aequatione
) A%

dxV S - duY SR = (edutud KV

pomimus ei fatsfacere hanc aeguationem integralem

I —pxx—nauu-t-nuurx=—>0
I antem sequationi ex § 5 peitae

d5V I Qe = n(vdu-tud)

xx -

fatisfacere inuenta eft haec aequatio .
I— X H—ti - BULEXI0
Deinde fequenti aequationi ex hyperbola §. x4 petitas
nEw—1 MU Ye—y o f., R
dxVEESE o duV T = (sdutudx) Ve

fatisfacit quoque I — HXX — AuK - RUUXXN —C, QUAG
quidem cum priore ex ellipf petita congruit cum fit

-l/nxﬁ’-'——z XX
————— et —
KX —1 T 1— XX

Hinc autem facile concludere licet, huic aequationi
- f——&*ef, f—gun )
dxV h—kax T duvu-—kuu - (xdu—-l—- ”d'x) Vh

fatisfacere hanc “integralem {pecialem

L Sh—gh
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fh—gh (xa-t-ut) - gkxtun = o
1} ~autemy’ aequationi- alteri
dvVi=EEs - duV’;:ZE,‘f = (wduy—t-udit) 35
fatisfacere hanc integralem f{pecialem:
fhb— fhlax 4+ un) 4~ ghxxuu = o

Haec igitor ideo- proponenda cenfui , quod anfam mibii
pracbere. videntur, {ubfidia. Analyfeos vlterias excolendi..

DE’
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