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division-polynomial recurrence

computes nP 2 E(Fq)
“in 26 log2 n multiplications”;

but can do better!

“It appears to be best to

represent the points on the curve

in the following form:

Each point is represented by the

triple (x; y; z) which corresponds

to the point (x=z2; y=z3).”
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Optimizing Jacobian coordinates

For “traditional” (X=Z2; Y=Z3)

on y2 = x3 + ax+ b:
1986 Chudnovsky–Chudnovsky

state explicit formulas using

10M for DBL; 16M for ADD.

Consequence:

�
�

10 lgn+ 16
lgn

lg lgn

�
M

to compute n; P 7! nP
using sliding-windows method

of scalar multiplication.

Notation: lg = log2.
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of scalar multiplication.

Notation: lg = log2.

Squaring is faster than M.

Here are the DBL formulas:

S = 4X1 � Y 2
1 ;

M = 3X2
1 + aZ4

1 ;

T = M2 � 2S;

X3 = T ;

Y3 = M � (S � T )� 8Y 4
1 ;

Z3 = 2Y1 � Z1.

Total cost 3M + 6S + 1D where

S is the cost of squaring in Fq,
D is the cost of multiplying by a.
The squarings produce

X2
1 ; Y 2

1 ; Y 4
1 ; Z2

1 ; Z4
1 ;M2.



Some Newton polygons

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�

�� JJJ
JJJ

J

Short Weierstrass

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�

��
//// JJJ

JJJ
J

Montgomery

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�

�� OOOOOOOO

Jacobi quartic

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�

�

�
� ??

??
??

??

Hessian

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�

�
Edwards

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�

�
�
�
��???

Binary Edwards

Optimizing Jacobian coordinates

For “traditional” (X=Z2; Y=Z3)

on y2 = x3 + ax+ b:
1986 Chudnovsky–Chudnovsky

state explicit formulas using

10M for DBL; 16M for ADD.

Consequence:

�
�

10 lgn+ 16
lgn

lg lgn

�
M

to compute n; P 7! nP
using sliding-windows method

of scalar multiplication.

Notation: lg = log2.

Squaring is faster than M.

Here are the DBL formulas:

S = 4X1 � Y 2
1 ;

M = 3X2
1 + aZ4

1 ;

T = M2 � 2S;

X3 = T ;

Y3 = M � (S � T )� 8Y 4
1 ;

Z3 = 2Y1 � Z1.

Total cost 3M + 6S + 1D where

S is the cost of squaring in Fq,
D is the cost of multiplying by a.
The squarings produce

X2
1 ; Y 2

1 ; Y 4
1 ; Z2

1 ; Z4
1 ;M2.



Some Newton polygons

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�

�� JJJ
JJJ

J

Short Weierstrass

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�

��
//// JJJ

JJJ
J

Montgomery

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�

�� OOOOOOOO

Jacobi quartic

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�

�

�
� ??

??
??

??

Hessian

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�

�
Edwards

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�

�
�
�
��???

Binary Edwards

Optimizing Jacobian coordinates

For “traditional” (X=Z2; Y=Z3)

on y2 = x3 + ax+ b:
1986 Chudnovsky–Chudnovsky

state explicit formulas using

10M for DBL; 16M for ADD.

Consequence:

�
�

10 lgn+ 16
lgn

lg lgn

�
M

to compute n; P 7! nP
using sliding-windows method

of scalar multiplication.

Notation: lg = log2.

Squaring is faster than M.

Here are the DBL formulas:

S = 4X1 � Y 2
1 ;

M = 3X2
1 + aZ4

1 ;

T = M2 � 2S;

X3 = T ;

Y3 = M � (S � T )� 8Y 4
1 ;

Z3 = 2Y1 � Z1.

Total cost 3M + 6S + 1D where

S is the cost of squaring in Fq,
D is the cost of multiplying by a.
The squarings produce

X2
1 ; Y 2

1 ; Y 4
1 ; Z2

1 ; Z4
1 ;M2.



Optimizing Jacobian coordinates

For “traditional” (X=Z2; Y=Z3)

on y2 = x3 + ax+ b:
1986 Chudnovsky–Chudnovsky

state explicit formulas using

10M for DBL; 16M for ADD.

Consequence:

�
�

10 lgn+ 16
lgn

lg lgn

�
M

to compute n; P 7! nP
using sliding-windows method

of scalar multiplication.

Notation: lg = log2.

Squaring is faster than M.

Here are the DBL formulas:

S = 4X1 � Y 2
1 ;

M = 3X2
1 + aZ4

1 ;

T = M2 � 2S;

X3 = T ;

Y3 = M � (S � T )� 8Y 4
1 ;

Z3 = 2Y1 � Z1.

Total cost 3M + 6S + 1D where

S is the cost of squaring in Fq,
D is the cost of multiplying by a.
The squarings produce

X2
1 ; Y 2

1 ; Y 4
1 ; Z2

1 ; Z4
1 ;M2.



Optimizing Jacobian coordinates

For “traditional” (X=Z2; Y=Z3)

on y2 = x3 + ax+ b:
1986 Chudnovsky–Chudnovsky

state explicit formulas using

10M for DBL; 16M for ADD.

Consequence:

�
�

10 lgn+ 16
lgn

lg lgn

�
M

to compute n; P 7! nP
using sliding-windows method

of scalar multiplication.

Notation: lg = log2.

Squaring is faster than M.

Here are the DBL formulas:

S = 4X1 � Y 2
1 ;

M = 3X2
1 + aZ4

1 ;

T = M2 � 2S;

X3 = T ;

Y3 = M � (S � T )� 8Y 4
1 ;

Z3 = 2Y1 � Z1.

Total cost 3M + 6S + 1D where

S is the cost of squaring in Fq,
D is the cost of multiplying by a.
The squarings produce

X2
1 ; Y 2

1 ; Y 4
1 ; Z2

1 ; Z4
1 ;M2.

Most ECC standards choose

curves that make formulas faster.

Curve-choice advice from

1986 Chudnovsky–Chudnovsky:

Can eliminate the 1D

by choosing curve with a = 1.

But “it is even smarter”

to choose curve with a = �3.

If a = �3 then M = 3(X2
1 � Z4

1 )

= 3(X1 � Z2
1 ) � (X1 + Z2

1 ).

Replace 2S with 1M.

Now DBL costs 4M + 4S.
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1 ).
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2001 Bernstein:

3M + 5S for DBL.

11M + 5S for ADD.

How? Easy S�M tradeoff:

instead of computing 2Y1 � Z1,

compute (Y1 + Z1)
2 � Y 2

1 � Z2
1 .

DBL formulas were already

computing Y 2
1 and Z2

1 .

Same idea for the ADD formulas,

but have to scale X; Y; Z
to eliminate divisions by 2.
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Speed-oriented Jacobian standards

2000 IEEE “Std 1363”

uses Weierstrass curves

in Jacobian coordinates

to “provide the fastest

arithmetic on elliptic curves.”

Also specifies a method of

choosing curves y2 = x3 � 3x+ b.
2000 NIST “FIPS 186–2”

standardizes five such curves.

2005 NSA “Suite B” recommends

two of the NIST curves as

the only public-key cryptosystems

for U.S. government use.
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7M + 3S for DBL if a = �3.

12M + 2S for ADD.

12M + 2S for reADD.

Option has been mostly ignored:

DBL dominates in ECDH etc.

But ADD dominates in

some applications: e.g.,
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(x2x3 � 1)2

x1(x2 � x3)2
.
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Doubling-oriented curves

2006 Doche–Icart–Kohel:

Use y2 = x3 + ax2 + 16ax.

Choose small a.
Use (X : Y : Z : Z2)

to represent (X=Z; Y=Z2).

3M + 4S + 2D for DBL.
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complete addition algorithms

(e.g., checking for 1).
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