MULTIDIGIT MULTIPLICATION FOR MATHEMATICIANS
DANIEL J. BERNSTEIN

Abstract. This paper surveys techniques for multiplying elements of various
commutative rings. It covers Karatsuba multiplication, dual Karatsuba multiplication, Toom multiplication, dual Toom multiplication, the FFT trick, the
twisted FFT trick, the split-radix FFT trick, Good’s trick, the SchönhageStrassen trick, Schönhage’s trick, Nussbaumer’s trick, the cyclic SchönhageStrassen trick, and the Cantor-Kaltofen theorem. It emphasizes the underlying
ring homomorphisms.

1. Introduction
The purpose of this paper is twofold: first, to present every known technique
for computing the product of two large integers; second, to present every known
technique for computing the product of two polynomials over a commutative ring.
My main expository device is very simple: I display certain ring homomorphisms.
Each homomorphism f suggests two multiplication methods. “Mapping” means
computing rs with the help of f (r)f (s); “lifting” means computing f (r)f (s) with
the help of rs. Almost every multiplication technique in the literature—Karatsuba’s
method, Toom’s method, the FFT, the Schönhage-Strassen method, and so on—is
some combination of mapping and lifting between a few varieties of rings.
Terminology. All rings are commutative and contain 1. An element r of a ring is
cancellable if multiplication by r is injective.
Notes. There are several textbooks and survey articles covering portions of the
material presented here: [3, chapter 7], [13], [16, chapter 4], [17, section 6.2], [18,
section 4.7 and chapter 9], [20, chapter 8], [21, chapter 2], [34], [41, chapter 4],
[46], [57, section 4.3], [59], [64], [71], [73, section 7.3], [91, chapters 36 and 41], [95,
sections 2.14 and 4.17], [99], [108, section 2.5], and [109].
For lower bounds on arithmetic time in restricted models of computation, see,
e.g., [16], [21], [39], [49], [110], [112], and [113].
I have gone to a great deal of effort to locate original sources and to assign credit
properly. Please let me know if anything appears to be misattributed. I would also
appreciate being informed of any new work in this area.
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2. Mapping
Let f : R → A be a ring homomorphism. One can attempt to multiply in R by
multiplying in A. Given r, s ∈ R, first map r and s to A, i.e., compute a = f (r)
and b = f (s); then compute ab; finally determine rs somehow from r, s, and the
equation f (rs) = ab. This technique is called mapping R to A.
In particular, if f is one-to-one, then rs = f −1 (f (r)f (s)). Thus one can multiply
in R by (1) evaluating f twice, (2) multiplying in A, and (3) evaluating f −1 once.
When f is not one-to-one, f (r)f (s) does not determine rs, but a small amount
of additional information about r and s often suffices to pin down rs.
Similar comments apply to any sequence of ring operations. For example, one
can attempt to determine r + s3 t from f (r) + f (s)3 f (t).
Example: modular arithmetic for integers. Define m = 224 − 1, and consider
the map “mod m” from Z to Z/m. If r and s are nonnegative integers smaller than
212 , then rs is smaller than m, so rs is determined by rs mod m. One can thus
compute rs by (1) computing r mod m and s mod m; (2) multiplying in Z/m; and
(3) recovering rs from rs mod m. Steps 1 and 3 are “no-ops” if Z/m is represented
as {0, 1, . . . , m − 1}; see section 4 for further discussion of step 2.
Example: modular arithmetic for polynomials. Fix a ring R and a monic
polynomial m ∈ R[x]. If r and s are polynomials of degree at most n, then deg rs ≤
2n, so rs is determined by rs mod m if deg m > 2n. There are many techniques for
multiplying quickly modulo particular polynomials m; see, for example, sections 5
and 7.
If deg m = 2n, one can use rs mod m together with the nth coefficients of r and
s to reconstruct rs. Specifically, say
xn in r and s
P rn and sn iare the coefficients ofP
respectively, and say rs mod m = 0≤i<2n pi x ; then rs = rn sn m + 0≤i<2n pi xi .
This technique is called evaluation at ∞.
Example: segmentation for integers. Consider two polynomials a, b ∈ Z[x].
Map Z[x] to Z by x 7→ M . One can recover ab from its image in Z if M is sufficiently
large compared to the degrees and coefficients of a and b. The map x 7→ M is easy
to evaluate when M is a power of 2, if Z is represented in the usual way; see section
3.
Notes. Mapping has several names in the literature. Lipson in [63] refers to mapping as “computation by homomorphic images.”
See section 6 for historical notes on evaluation at ∞.
Segmentation was published by Fischer and Paterson in [40, page 122]. (The
same idea was announced by Schönhage in [88, section 2] several years later.)
The modulus in modular arithmetic can be dynamically selected depending
P oni
the inputs.
For
example,
consider
mapping
Z[x]
to
(Z/m)[x]
to
multiply
a
=
ai x
P
i
and b = pbi x ; how large must m be? Every coefficient of ab is bounded in absolute
P
P
value by ( a2i )( b2i ) by Cauchy’s inequality, so m can be chosen accordingly.
I learned this idea from Atkin.
3. Lifting
Let R be a ring, I an ideal of R. One can represent elements of R/I by elements
of R: specifically, r represents r mod I.
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If a = r mod I and b = s mod I then ab = rs mod I. Thus one can multiply in
R/I by multiplying in R. This technique is called lifting R/I to R.
Selecting a representative r ∈ R for a given element a ∈ R/I is called lifting a
from R/I to R. One can replace r by r − t for any t ∈ I; this is called reducing
modulo I.
Sensible reduction can make a huge difference in the speed of operations in R.
Every ideal considered in this paper is principal; when I write the generator in the
form x − y, I mean to suggest that all x’s should, if possible, be replaced with y
during lifting.
Example: clumping for integers. Fix a positive integer B. Base-B clumping
means first mapping Z to the isomorphic ring Z[y]/(B−y), then lifting Z[y]/(B − y)
to Z[y].
The notation “B − y” suggests that every B be replaced with y. For example, if
B = 10, then 314 should be replaced with 31y + 4, which should in turn be replaced
with 3y 2 + y + 4. Replacing B with y is called carrying.
A nonnegative integer smaller than B n is thus represented by a polynomial of
degree smaller than n, with each coefficient nonnegative and smaller than B.
To multiply two elements of Z[y]/(B − y), multiply their representatives. For
example, the square of 3y 2 + y + 4 is 9y 4 + 6y 3 + 25y 2 + 8y + 16, which for B = 10
becomes 9y 4 + 8y 3 + 5y 2 + 9y + 6 after two carries; i.e., 3142 = 98596.
Example: clumping for polynomials. Let R be a ring. Let n be a positive
integer. Degree-n clumping means first mapping R[x] to the isomorphic ring
R[x][y]/(xn − y), then lifting R[x][y]/(xn − y) to R[x][y]. Polynomials in R[x] of
degree under kn are thus represented by polynomials in R[x][y] of x-degree under
n and y-degree under k.
Example: striding. The transpose of degree-n clumping is degree-n striding:
first mapping R[x] to the isomorphic ring R[y][x]/(xn − y), then lifting to R[y][x].
Let f be a monic polynomial over R. Degree-n striding modulo f means first
mapping R[x]/f (xn ) to the isomorphic ring (R[y]/f (y))[x]/(xn − y), then lifting to
(R[y]/f (y))[x]. Elements of R[x]/f (xn ) are thus represented by polynomials over
R[y]/f (y) of degree under n.
Notes. Reduction is often used to save space, but its most important effect is to
save time in subsequent operations in R. The time spent on reduction should be
balanced against the time saved. An example where “full” reduction is unwise is
arithmetic in Z/m for m = (232 − 1)/3: given r ∈ Z, a computer can rapidly find
a nonnegative integer s < 232 with r mod m = s mod m, but needs substantially
more time to guarantee s < m.
Common base choices for integer clumping include 232 , 230 , 226 , and occasionally
109 ; these reflect the capabilities of current computer hardware.
The output of base-B clumping is often called the “base-B representation” of the
input. For example, 3y 2 +y +4 is the base-10 representation of 314. The coefficients
in a base-10 representation are “digits”; the coefficients in a base-2 representation
are “bits.” There is no standard name for the coefficients in a base-B representation
for large B.
See [57, section 4.1] for further discussion of integer representations.
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3x0 + 1x1
+ 4x2 + 1x3
+ 5x4 + 9x5
∈ R[x] → R[x][y]/(x2 − y)
(3x0 + 1x1 )y 0 + (4x0 + 1x1 )y 1 + (5x0 + 9x1 )y 2 ∈ R[x][y]
Figure 1. Degree-2 clumping.
3x0 + 1x1 + 4x2 + 1x3 + 5x4 + 9x5 ∈ R[x] → R[y][x]/(x2 − y)
(3y 0 + 4y 1 + 5y 2 )x0 + (1y 0 + 1y 1 + 9y 2 )x1 ∈ R[y][x]
Figure 2. Degree-2 striding.
My “clumping” and “striding” terminology is not standard. (However, “stride” is
a standard term for the distance between consecutive memory locations accessed by
a computer program.) The names refer to how polynomial coefficients are arranged
in R[x][y] and R[y][x] respectively. Compare Figure 1 and Figure 2.
4. Remainder arithmetic
Let I and J be ideals of a ring R. Remainder arithmetic modulo I and
J means mapping R/IJ to (R/I) × (R/J) by z 7→ (z mod I, z mod J). More
Q
generally,
remainder
arithmetic
modulo
I
,
I
,
.
.
.
,
I
means
mapping
R/
In
1
2
k
Q
to (R/In ).
The Chinese remainder theorem states that R/IJ is isomorphic to (R/I)×(R/J)
if I and J are coprime, i.e., if there exist u ∈ I and v ∈ J with u + v = 1. The
inverse map is (x, y) 7→ vx + uy.
In particular, let f, g, a, b be elements of R with af + bg = 1. Then R/f g is
isomorphic to (R/f ) × (R/g); the inverse map is (t, u) 7→ bgt + af u. Normally f
and g are selected so that (1) it is easy to lift from R/f and R/g to R, i.e., to
reduce modulo f and g; (2) it is easy to multiply by af and bg.
Example: remainder arithmetic for integers. Consider the problem of multiplying in Z/(224 − 1). Map Z/(224 − 1) to (Z/(212 − 1)) × (Z/(212 + 1)). The
inverse map is (x, y) 7→ 211 (212 + 1)x + 211 (212 − 1)y by the Chinese remainder
theorem. If integers are represented in base 2, then multiplication by a power of 2
is easy, and reduction modulo 212 ± 1 is easy, so operations in Z/(224 − 1) amount
to operations in (Z/(212 − 1)) × (Z/(212 + 1)).
Specific example: To multiply 3141592 by 2718281 modulo 224 − 1, map 3141592
to (727, 3290) and 2718281 to (3296, 1970). Then multiply in (Z/(212 − 1)) ×
(Z/(212 + 1)), obtaining (617, 3943). Compute 211 (212 + 1)617 + 211 (212 − 1)3943,
and reduce modulo 224 − 1, obtaining 9967847.
One can go much further, since 224 − 1 has many prime divisors. Remainder
arithmetic modulo 5, 7, 9, 13, 17, and 241 means mapping Z/(224 − 1) to (Z/5) ×
(Z/7) × (Z/9) × (Z/13) × (Z/17) × (Z/241).
Example: remainder arithmetic for polynomials. Fix a ring A. Consider
the problem of squaring a + bx modulo x2 − x in A[x]. The obvious approach is to
reduce a2 + 2abx + b2 x2 modulo x2 − x; this takes two squarings, a multiplication,
a doubling, and an addition in A. A better approach is remainder arithmetic
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modulo x and x − 1. Map A[x]/(x2 − x) to (A[x]/x) × (A[x]/(x − 1)): a + bx
maps to (a, a + b). Operate in (A[x]/x) × (A[x]/(x − 1)): the square of (a, a + b)
is (a2 , (a + b)2 ). Recover the answer in A[x]/(x2 − x) by the Chinese remainder
theorem: it is a2 + ((a + b)2 − a2 )x. This takes just two squarings, an addition, and
a subtraction. See section 5 for an application.
Remainder arithmetic is sometimes used with ideals that are not coprime. Take
any polynomials a, b, f, g ∈ A[x] with af + bg ∈ A, and consider the function
(A[x]/f ) × (A[x]/g) → A[x]/f g mapping (t, u) to bgt + af u. Then the composition
A[x]/f g → (A[x]/f ) × (A[x]/g) → A[x]/f g is simply multiplication by af + bg. See
section 7 for an application.
Notes. According to [57, page 276], the use of remainder arithmetic in computers
was first suggested by Svoboda and Valach, and then independently by Garner.
Remainder arithmetic modulo monic linear polynomials is called evaluation
and interpolation. The point is that evaluating a polynomial at c is the same as
reducing it modulo x − c.
5. Karatsuba’s trick
Let R be a ring. Consider the problem of multiplying the polynomials a0 + a1 x
and b0 + b1 x in R[x]. Karatsuba’s trick means mapping R[x] to R[x]/(x2 − x),
followed by remainder arithmetic modulo x and x − 1, with evaluation at ∞ to
recover the product in R[x]. In other words, the product of a0 + a1 x and b0 + b1 x
is t + ((a0 + a1 )(b0 + b1 ) − t − u)x + ux2 where t = a0 b0 and u = a1 b1 .
Karatsuba’s trick produces the product of two linear polynomials over R with
three multiplications in R, plus a few additions and subtractions.
Karatsuba multiplication for integers means multiplying nonnegative integers smaller than 22n by the following procedure. First do base-2n clumping: map
Z to the isomorphic ring Z[y]/(2n − y), and lift to Z[y], producing linear polynomials with coefficients smaller than 2n . Then multiply with Karatsuba’s trick. This
takes three multiplications of integers smaller than 2n+1 .
Karatsuba multiplication for polynomials means the analogous procedure
for multiplying polynomials of degree under 2n. First do degree-n clumping, producing polynomials in R[x][y] of x-degree under n and y-degree under 2. Then
multiply with Karatsuba’s trick.
For example, the product of 1 + 4x + x2 + 3x3 and 8 + x + 7x2 + 2x3 is the same
as the product of (1 + 4x) + (1 + 3x)y and (8 + x) + (7 + 2x)y with y = x2 . To
do the latter product with Karatsuba’s trick, multiply 1 + 4x by 8 + x; 1 + 3x by
7 + 2x; and 1 + 4x + 1 + 3x = 2 + 7x by 8 + x + 7 + 2x = 15 + 3x. The result is
(8 + 33x + 4x2 ) + (15 + 55x + 11x2 )y + (7 + 23x + 6x2 )y 2 . Then substitute y = x2
to obtain 8 + 33x + 19x2 + 55x3 + 18x4 + 23x5 + 6x6 .
Dual Karatsuba multiplication means degree-2 striding, producing polynomials in R[y][x] of y-degree under 2, with Karatsuba’s trick for multiplications in
R[y].
For example, the product of 1 + 4x + x2 + 3x3 and 8 + x + 7x2 + 2x3 is the same
as the product of (1 + y) + (4 + 3y)x and (8 + 7y) + (1 + 2y)x with y = x2 .
Notes. Karatsuba multiplication for integers was first presented by Karatsuba and
Ofman in [54], where it was credited to Karatsuba alone. Karatsuba observed that
his method, applied recursively, takes time O(blog2 3 ) to multiply b-bit numbers.
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This was the first subquadratic-time multiplication method. Karatsuba was unable
to generalize his trick; apparently he did not realize that it amounted to evaluation
and interpolation.
Knuth presented a variant of Karatsuba’s trick in [57, page 278], using x + 1 in
place of x − 1; i.e., (a0 + a1 x)(b0 + b1 x) = t + (t + u − (a0 − a1 )(b0 − b1 ))x + ux2 ,
with t = a0 b0 and u = a1 b1 . This may be more or less convenient than the original
method, depending on the type and range of inputs.
6. Toom’s trick
Fix k ≥ 2, and let R be a ring in which 2, 3, . . . , 2(k −1) are cancellable. Toom’s
trick means mapping R[x] to R[x]/(x − k + 1)(x − k + 2) · · · (x + k − 1), followed
by remainder arithmetic modulo x − k + 1, x − k + 2, . . . , x + k − 1.
Given two polynomials in R[x] of degree under k, Toom’s trick produces their
product with 2k − 1 multiplications in R, plus some additions, subtractions, and
divisions by 2, 3, . . . , 2(k − 1).
Toom multiplication for integers means multiplication of nonnegative integers smaller than 2kn by base-2n clumping and Toom’s trick.
Toom multiplication for polynomials means multiplication of polynomials
of degree under kn by degree-n clumping and Toom’s trick.
Dual Toom multiplication means degree-k striding, producing polynomials
in R[y][x] of y-degree under k, with Toom’s trick for multiplications in R[y].
Notes. Toom multiplication for integers was first√presented by Toom in [100].
Toom observed that his method takes time b exp(O( log b)) to multiply b-bit numbers, if k is selected as a sensible function of b. This was the first essentially-lineartime multiplication method.
Toom’s trick requires evaluating the inputs at the points {−k + 1, . . . , k − 1} and
interpolating the output from its values at those points. There are several plausible
ways to do this. Cook suggested using Horner’s rule for evaluation, and Newton’s
formula for interpolation, according to [57, section 4.3.3]. Baker suggested starting
with degree-2 striding, according to [57, exercise 4.3.3–4].
Winograd improved Toom’s trick by discarding −k + 1 in favor of evaluation at
∞. See, e.g., [113, page 31]. This improved version includes Karatsuba’s trick as a
special case.
There are several other proposals to change the points c used in Toom’s trick,
to reduce the overhead for evaluation and interpolation. Cook suggested using
{0, 1, 2, . . . , 2k − 2}, according to [57]. Winograd pointed out that the c’s can be
fractions; see, e.g., [113, page 32]. (The same idea was announced by Zuras in [118]
many years later.) Knuth suggested using powers of 2 and their negatives; see [57,
page 588].
Winograd also proposed remainder arithmetic modulo arbitrary polynomials,
not necessarily linear, to balance multiplication costs against overhead. The problem is finding good polynomials. In [113, section IVc], Winograd suggested the
polynomials x, x − 1, x + 1, x2 + 1 for k = 3.
Winograd’s approach can be used for large k over a small finite field. In [61],
Lempel, Seroussi, and Winograd suggested using all available low-degree irreducible
polynomials. In [53], Kaminski suggested using powers of cyclotomic polynomials;
this works over any ring. (Distinct cyclotomic polynomials are usually coprime
in Z[x], and therefore in R[x] for any ring R.) When these methods are applied
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recursively to multiply polynomials of degree under k, the number of multiplications
in the base ring is essentially linear in k. Unfortunately the number of additions is
prohibitive for large k. See sections 7, 9, and 11 for better methods. See also [24]
for an alternative method over finite fields, theoretically slightly slower but perhaps
practical, proposed by Cantor.
One can simplify Toom multiplication by eliminating y. Consider, for example,
degree-3 Toom multiplication for integers up to 23n : map Z to Z[y]/(2n − y), lift
to Z[y] to obtain polynomials of degree under 3, map to Z[y]/(y 5 − 5y 3 + 4y),
and use remainder arithmetic modulo y − c for c ∈ {−2, −1, 0, 1, 2}. The simplification is to work modulo y − 2n throughout the computation: map Z to
Z/(25n − 5 · 23n + 4 · 2n ), and use remainder arithmetic modulo 2n − c for c ∈
{−2, −1, 0, 1, 2}. This can handle products up to only about 25n , so it is worse
than Toom multiplication unless arithmetic modulo 2n − c is very fast. (See section 9.) A few years after Toom, in [86], Schönhage independently proposed this
alternate method, with c selected as particular powers of 2. The relation between
Toom’s method and Schönhage’s method appears to be almost entirely unknown;
for example, Schönhage and Strassen stated in [90] that the methods are “wesentlich
verschieden,” Knuth stated in [57, page 288] that they are “completely different,”
and Lipson stated in [63] that they are “ostensibly quite different.”
7. The FFT trick
Let R be a ring, b an element of R. The FFT trick means remainder arithmetic
modulo xn − b and xn + b in R[x], i.e., mapping
R[x]/(x2n − b2 ) → (R[x]/(xn − b)) × (R[x]/(xn + b)).
This is invertible by the Chinese remainder theorem if 2b is invertible.
The FFT trick can often be applied repeatedly. For example, say i2 = −1 for
some i ∈ R. First map R[x]/(x4n −b4 ) to (R[x]/(x2n −b2 ))×(R[x]/(x2n +b2 )); then
map R[x]/(x2n − b2 ) to (R[x]/(xn − b)) × (R[x]/(xn + b)), and map R[x]/(x2n + b2 )
to (R[x]/(xn − ib)) × (R[x]/(xn + ib)).
k
The FFT means the FFT trick applied recursively from x2 − 1 all the way
k−1
down to linear polynomials. This requires an element ζ ∈ R with ζ 2
= −1.
Evaluating the entire FFT map takes 2k−1 k additions, 2k−1 k subtractions, and
2k−1 k multiplications by various powers of ζ.
FFT variants. Fix ζ ∈ R satisfying ζ n = −1. The twisted FFT trick means
mapping R[x]/(x2n − 1) to (R[x]/(xn − 1)) × (R[x]/(xn + 1)), followed by mapping
R[x]/(xn + 1) to R[y]/(y n − 1) with x 7→ ζy. This is slightly easier to implement
than the FFT trick.
Fix i, ζ with i2 = −1 and ζ n = i. The split-radix FFT trick means the
following procedure. Map R[x]/(x4n − 1) to (R[x]/(x2n − 1)) × (R[x]/(x2n + 1));
map R[x]/(x2n + 1) to (R[x]/(xn − i)) × (R[x]/(xn + i)); map R[x]/(xn − i) to
R[y]/(y n −1) with x 7→ ζy; finally map R[x]/(xn +i) to R[z]/(z n −1) with x 7→ ζ 3 z.
What to do when 2 is not invertible. Consider the function (R[x]/(xn − b)) ×
(R[x]/(xn + b)) → R[x]/(x2n − b2 ) given by (t, u) 7→ (xn + b)t − (xn − b)u. Then the
composition R[x]/(x2n −b2 ) → (R[x]/(xn −b))×(R[x]/(xn +b)) → R[x]/(x2n −b2 ) is
multiplication by 2b. Thus the FFT trick provides some information about products
in R[x]/(x2n − b2 ), unless 2b = 0.
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The radix-3 FFT trick means remainder arithmetic modulo xn − b, xn − ωb,
and xn − ω 2 b, where 1 + ω + ω 2 = 0. This is invertible if 3b2 is invertible.
Notes. The FFT trick is due to Gauss. It was popularized by Cooley and Tukey,
for the case R = C, in [29]. The twisted FFT trick was published by Gentleman
and Sande in [42]. See [28] and [48] for further historical discussion. Fiduccia in [38]
presented the FFT trick essentially as above, making clear the algebraic structure
of the FFT.
The FFT trick, and thus the FFT, can conveniently be applied “in place”:
R[x]/(xn −b) can be stored in the same memory locations as the bottom coefficients
of R[x]/(x2n − b2 ), while R[x]/(xn + b) is stored in the same memory locations as
the top coefficients. Similar comments apply to the twisted FFT.
One way to invert the FFT map is to invert the FFT trick. The divisions by 2
can be eliminated in favor of a final division by 2k . Implementing the inverse FFT
map as a forward FFT map—see, e.g., [3, page 253], [13, page 12], [16, page 85],
[17, page 205], [18, section 9.3], [21, page 9], [41, section 4.6], [63], [91, chapter 41],
or [95, section 4.17]—is generally a bad idea, since it requires extra data movement.
The FFT is usually presented as an iterative algorithm: chop the initial ring
into two pieces, chop the two pieces into four, chop the four pieces into eight, etc.
Gentleman and Sande in [42] were the first to present a recursive FFT. See [65] for
a clear exposition. The recursive FFT accesses data in a very different order from
the iterative FFT; it is suitable for virtual memory, as pointed out by Singleton in
[92], and on modern computers it rapidly breaks the computation into chunks that
fit into cache. It is thus generally faster than the iterative FFT. See [42, page 569],
[92], [19], and [7] for further discussion of memory access.
Handling xn −b and xn +b separately is known as “decimation in frequency.” An
alternative is “decimation in time.” Start with degree-2 striding modulo y n −1; i.e.,
R[x]/(x2n − 1) → (R[y]/(y n − 1))[x]/(x2 − y). Map R[y]/(y n − 1) recursively to a
product of rings of the form R[y]/(y−b2 ); then map each (R[y]/(y − b2 ))[x]/(x2 − y)
to (R[x]/(x − b)) × (R[x]/(x + b)). I advise against using decimation in time: when
it is applied recursively and in place, it is exceedingly unfriendly to the cache.
Radix-3 and higher-radix versions of the FFT have generally been developed in
tandem with the radix-2 versions. Bergland in [11] suggested using the radix-8 FFT
trick over C. Schönhage in [87] suggested using the radix-3 FFT trick to handle
rings of characteristic 2; see section 9 for further discussion.
The split-radix FFT trick is useful over C, where multiplication by i is faster
than multiplication by arbitrary powers of ζ. See [33], [69], [96], [97], and [104]. One
can use x 7→ ζ −1 z instead of x 7→ ζ 3 z; this variant is usually easier to implement.
Notes on Fourier analysis. FFT stands for “Fast Fourier Transform.” For an
explanation of the relation between the FFT and Fourier analysis, see, e.g., [42],
[20], or [82].
In most Fourier analysis problems, one needs to map
R[x]/(xn − 1) → (R[x]/(x − 1)) × (R[x]/(x − ζ)) × · · · × (R[x]/(x − ζ n−1 )),
with the powers of ζ appearing in order. The FFT produces the powers in a
jumbled order. Solution 1: The necessary permutation has order 2, so it can
easily be performed in place at the beginning or end of the computation. See,
e.g., [35], [36], [83], [84], [105], and [115]. Solution 2: The results end up in order
if R[x]/(xn − 1) and R[x]/(xn + 1) are interleaved in the FFT trick; however, this
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interleaving cannot easily be performed in place. This method is often attributed
to Singleton, Stockham, Glassman, or Pease. See, e.g., [93], [27, figure 12], [103],
[76], [43], and [37]. There is a similar method that can be performed in place; see,
e.g., [9], [51], [98], and [47].
There are several fast methods to map R[x]/(xn − 1), for arbitrary values of n,
n−1
to (R[x]/(x − 1)) × · · · × (R[x]/(x − ζP
)). The simplest is Bluestein’s trick,
published in [14] and [15]. Say a = 0≤j<n aj xj ∈ R[x]. To obtain the values
P
2
a(1), a(c2 ), . . . , a(c2n−2 ), for any c ∈ R∗ , multiply j aj cj y j by the Laurent series
P
2
−k2 k
y ; the coefficient of y k in the product is c−k a(c2k ) for 0 ≤ k <
−n<k<n c
n. Note that Bluestein’s trick can be applied even if c is not a root of 1; this
generalization was introduced by Rabiner, Schafer, and Rader in [80] as the chirp
z transform. (The “fractional Fourier transform,” announced many years later in
[8], is the same as the chirp z transform.)
An alternative to Bluestein’s trick is Winograd’s method in [111]. Special cases
of Winograd’s method were published earlier by Rader in [81] and by Singleton in
[94]. See also [4], [22], [50], [52], [58], and [117].
For results on the problem of decomposing non-commutative group rings, see,
e.g., [26].
8. Good’s trick
Let R be a ring. Let m, n be coprime positive integers. Good’s trick means
mapping R[x]/(xmn − 1) to the isomorphic ring (R[y]/(y m − 1))[z]/(z n − 1) by
x 7→ yz.
Notes. Good stated his trick in [44, page 758], and pointed out its use for computing Fourier transforms in [45, section 12]. Agarwal and Cooley in [2] pointed
out the use of Good’s trick for multiplication.
One way to multiply polynomials of degree 40000 over R, when R has appropriate
roots of 1, is to perform a degree-131072 FFT, padding the polynomials with 0s.
A different approach, requiring less padding, is to use Good’s trick: map R[x] to
R[x]/(x81920 −1) and then to (R[y]/(y 5 −1))[z]/(z 16384 −1). I learned this technique
from Atkin. Another way to save padding, suggested by Crandall and Fagin in [31],
is remainder arithmetic modulo x65536 + 1 and x16384 + 1.
9. Manufacturing roots of 1
Let m, n, k be positive integers. The Schönhage-Strassen trick means mapping Z/(2mn + 1) to (Z[y]/(y n + 1))/(2m − y), lifting to Z[y]/(y n + 1), and finally
mapping to (Z/(2nk + 1))[y]/(y n + 1). The product in Z[y]/(y n + 1) is determined
by its image modulo 2nk + 1 if 2nk > 22m n. (In practice it is convenient to handle
−1 ∈ Z/(2mn + 1) specially.) One can now apply the FFT if n is a power of 2, since
2k is an nth root of −1 in Z/(2nk + 1).
Let R be a ring. Schönhage’s trick means mapping
R[x]/(xmn + 1) → (R[x][y]/(y n + 1))/(xm − y),
lifting to R[x][y]/(y n + 1), and mapping to (R[x]/(xnk + 1))[y]/(y n + 1). The
polynomials in R[x][y]/(y n +1) have x-degree at most m−1, so their product can be
recovered from its image modulo xnk + 1 if nk > 2m − 2. In particular, a product in
2
R[x]/(x2m + 1) can be converted into a product in (R[x]/(x2m + 1))[y]/(y 2m + 1).
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3x0 + 1x1 + 4x2 + 1x3 + 5x4 + 9x5 + 2x6 + 6x7 ∈ R[x]/(x8 + 1)
→ (R[x][y]/(y 4 + 1))/(x2 − y)
(3x0 + 1x1 + 0x2 + 0x3 )y 0
+ (4x0 + 1x1 + 0x2 + 0x3 )y 1
+ (5x0 + 9x1 + 0x2 + 0x3 )y 2
+ (2x0 + 6x1 + 0x2 + 0x3 )y 3 ∈ (R[x]/(x4 + 1))[y]/(y 4 + 1)
Figure 3. Schönhage’s trick.
Nussbaumer’s trick means mapping
R[x]/(xmnk + 1) → (R[y]/(y nk + 1))[x]/(xm − y),
lifting to (R[y]/(y nk + 1))[x], and mapping to (R[y]/(y nk + 1))[x]/(x2n − 1). Here
the product can be recovered if n ≥ m, or if n ≥ m − 1 with evaluation at ∞.
Higher-radix variants. Here is the radix-3 Schönhage trick: map
R[x]/(x2mn + xmn + 1) → (R[x][y]/(y 2n + y n + 1))/(xm − y);
lift to R[x][y]/(y 2n + y n + 1); map to (R[x]/(x2nk + xnk + 1))[y]/(y 2n + y n + 1).
Notice that xnk is a 3rd root of 1 in R[x]/(x2nk + xnk + 1). Also notice that
y 2n + y n + 1 = (y n − xnk )(y n − x2nk ).
The radix-3 Nussbaumer trick: map
R[x]/(x2mnk + xmnk + 1) → (R[y]/(y 2nk + y nk + 1))[x]/(xm − y);
lift to (R[y]/(y 2nk + y nk + 1))[x]; map to (R[y]/(y 2nk + y nk + 1))[x]/(x3n − 1).
Cyclic variants. The cyclic Schönhage-Strassen trick: map
Z/(22mn − 1) → (Z[y]/(y 2n − 1))/(2m − y);
lift to Z[y]/(y 2n − 1); map to (Z/(2nk + 1))[y]/(y 2n − 1).
The cyclic Schönhage trick: map
R[x]/(x2mn − 1) → (R[x][y]/(y 2n − 1))/(xm − y);
lift to R[x][y]/(y 2n − 1); map to (R[x]/(xnk + 1))[y]/(y 2n − 1).
Notes. The idea of mapping Z[x] to (Z/t)[x], with t selected so that Z/t would
have appropriate roots of 1 for the FFT, was independently published by Pollard
in [77], by Nicholson in [74, page 532], and by Schönhage and Strassen in [90].
Pollard and Nicholson considered “small” t, preferably small enough to fit into
a few machine words. (Apparently Strassen discovered the same idea in 1968 but
did not publish it.) Pollard suggested taking t = p1 p2 p3 , with p1 , p2 , p3 distinct
prime numbers congruent to 1 modulo 2j , and then using remainder arithmetic
modulo p1 , p2 , and p3 . There is a 2j−1 st root of −1 in Z/t. (GRH implies that
the smallest prime congruent to 1 modulo 2j is at most 2(2j log 2j )2 . See [5]. This
bound is pessimistic.) In [78], Pollard suggested using primes of the form 2i − 2j + 1
to simplify divisions. Pollard also suggested using a ring of the form Z/p2 , with
elements written in base p.
j
Schönhage and Strassen in [90, section 4] suggested taking t = 22 + 1; 2 is a
2j th root of −1 in Z/t. Schönhage later observed that 23c − 2c is a 2j+1 st root of
−1, with c = 2j−2 .
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3x0 + 1x1 + 4x2 + 1x3 + 5x4 + 9x5 + 2x6 + 6x7 ∈ R[x]/(x8 + 1)
→ (R[y]/(y 4 + 1))[x]/(x2 − y)
(3y 0 + 4y 1 + 5y 2 + 2y 3 )x0
+ (1y 0 + 1y 1 + 9y 2 + 6y 3 )x1
+ (0y 0 + 0y 1 + 0y 2 + 0y 3 )x2
+ (0y 0 + 0y 1 + 0y 2 + 0y 3 )x3 ∈ (R[y]/(y 4 + 1))[x]/(x4 − 1)
Figure 4. Nussbaumer’s trick.
Schönhage’s trick was published by Schönhage in [87] and a few years later by
Turk in [102, section 2]. Nussbaumer’s trick was published by Nussbaumer in
[75]. Schönhage’s trick has the advantage of being cache-friendly; compare Figure
3 and Figure 4. Nussbaumer’s trick has the advantage of using slightly smaller
ring extensions. For example, Nussbaumer’s trick can convert R[x]/(x65536 + 1)
to (R[y]/(y 256 + 1))[x]/(x512 − 1), while Schönhage’s trick cannot do better than
(R[x]/(x512 + 1))[y]/(y 256 + 1).
The radix-3 Schönhage trick was pointed out in [87]. The radix-3 Nussbaumer
trick was pointed out by Cantor and Kaltofen in [25]. Beware that the details in
[87] and [25] are unnecessarily inefficient: [87] applies the radix-3 FFT to y 3n − 1
rather than y 2n + y n + 1, and [25] does most arithmetic modulo y 3nk − 1 rather
than y 2nk + y nk + 1.
In [90] the parameters m, n, k were severely restricted. A more flexible form of the
Schönhage-Strassen trick was pointed out by Schönhage in [88, section 1]. Further
generalizations do not seem to have been explored in the literature. In particular,
the cyclic variants of the Schönhage-Strassen and Schönhage tricks seem to be new.
According to [16, pages 91–94], Karp proposed the following variant of the
Schönhage-Strassen trick. Start with m2 -bit numbers; map Z to Z[y]/(2m − y)
and lift to Z[y]; map to (Z/(22m + 1)m)[y]/(y 2m − 1); do remainder arithmetic
modulo m and 22m + 1. (Remainder arithmetic was used the same way in [90].)
The Schönhage-Strassen trick expands the input by a factor of 2, while Karp’s
variant expands the input by a factor of 4.
The idea of the techniques in this section is to extend the base ring to contain
appropriate roots of 1 for an FFT. A smaller extension suffices if R already contains
some roots of 1. For example, 2 is a 215 th root of −1 in Z/t for t = 1214251009, so
y is a 222 nd root of −1 in (Z/t)[y]/(y 128 − 2). For further discussion see [66], [67],
and [68]. In extreme cases R already supports the desired FFT and no extension
is necessary.
Notes on the complex FFT. In [90], Schönhage and Strassen also suggested
mapping Z[x] to C[x], and using the FFT to compute an approximate product in
C[x]. This method requires calculations in C[x] sufficiently precise to determine
results in Z[x]. There are many analyses of FFT round-off error in the literature;
see, e.g., [13, page 252], [42, page 570], [56], [57, pages 293–294], [90, section 3], or
[101]. One can save time and space with Bergland’s real-input FFT; see [10].
An uncountable topological ring, such as R or C, is approximated inside a
computer by a countable dense subring, such as Q or Q[x]/(x2 + 1). The most
common approximation to R is the set of floating-point numbers, i.e., rationals
with power-of-2 denominators; see, e.g., [12]. Then R[x]/(x2 + 1) represents C.
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Dubois and Venetsanopoulos in [32] suggested an alternative for the radix-3 FFT,
namely R[x]/(x2 + x + 1); compare this to Schönhage’s trick. Martens in [69]
suggested R[x]/(x2 − x + 1). Cozzens and Finkelstein in [30] pointed out the
following alternative: Z[x]/(x4 + 1) is dense in C.
One can multiply in Z/(265536 − 1) as follows. Map to the isomorphic ring
(Z[x]/(x4096 − 1))/(232 − x); lift to Z[x]/(x4096 − 1); map to C[x]/(x4096 − 1);
apply the FFT. The product can be recovered from approximate FFT results.
Crandall and Fagin in [31] observed that the same technique can be applied to,
e.g., Z/(270001 − 1), as follows. Let A be the set of algebraic integers in C. Map
Z/(270001 − 1) to A/(270001 − 1); map to (A[x]/(x4096 − 1))/(α − x), where α =
270001/4096 ; lift to A[x]/(x4096 − 1); apply the FFT as before. The polynomials
4096
in
− 1) can be stored as integer vectors (c0 , . . . , c4095 ) representing
P A[x]/(x
(3727n mod 4096)/4096 n
cn 2
x .
10. Classical multiplication
P
P
Let R be a ring. Let a =
ai xi and b =
bj xj be polynomials in R[x].
Classical
multiplication means computing ab directly from its definition: ab =
P P
i+j
. Classical multiplication uses at most n2 multiplications in R, and
i
j ai bj x
n(n − 1) additions in R, if a and b have degree under n.
Notes. See [57, section 4.3.1] for a discussion of the classical algorithms for multidigit integer arithmetic.
11. The Cantor-Kaltofen theorem
Let a, b be polynomials over any ring. Here is an essentially-linear-time method
to compute ab. Nussbaumer’s trick plus the FFT, applied recursively, produces ab
times a certain power of 2; see Theorem 11.1. The radix-3 Nussbaumer trick plus
the radix-3 FFT, applied recursively, produces ab times a certain power of 3; see
Theorem 11.2. But 2 and 3 are coprime, so ab is a certain integer combination of
the results; see Theorem 11.3.
Theorem 11.1. Let R be a ring. Let e ≥ 0 and m ≥ 1 be integers with 2e−1 < m ≤
m
2e . There is an algorithm that, given a, b ∈ R[x]/(x2 + 1), computes 2m+e−1 ab
with 2m+e+1 multiplications in R and at most 2m (2e (3e + 8) − 7) additions in R.
m

Here elements of R[x]/(x2 + 1) are represented by polynomials of degree under
m
2 . Note that subtractions are counted as additions.
Proof. Induct on e. If e = 0 then m = 1 so 2m+e−1 = 1, 2m+e+1 = 4, and
2m (2e (3e + 8) − 7) = 2. Classical multiplication produces ab with 4 multiplications
and 2 additions.
If e ≥ 1, define k = dm/2e. Note that 2e−2 < k ≤ 2e−1 . Write K = 2k , M = 2m ,
and E = 2e . Define A = R[y]/(y K + 1). Observe that A has an (M/K)th root of
−1, namely y if m is even or y 2 if m is odd.
The multiplication procedure has five steps. First, apply Nussbaumer’s trick.
Map R[x]/(xM + 1) to A[x]/(xM/K − y); lift to A[x]; map to A[x]/(x2M/K − 1).
This involves data shuffling with no arithmetic.
Second, apply the FFT over A, with y or y 2 as the (M/K)th root of −1. To
compute t ± y i u for t, u ∈ A takes just K additions in R, so the entire FFT takes
2M (m − k + 1) additions in R. This is done once for a and once for b.

MULTIDIGIT MULTIPLICATION FOR MATHEMATICIANS

13

Third, multiply recursively in A. By induction, computing a product in A,
scaled by KE/4, takes KE multiplications in R and at most K((E/2)(3e + 5) − 7)
additions in R. There are 2M/K such products.
Fourth, undo the FFT. This uses another 2M (m−k+1) additions in R. The final
division by 2M/K, necessary to invert the FFT, may not be doable in R; skip it.
The result is the product in A[x]/(x2M/K −1), scaled by (2M/K)(KE/4) = M E/2.
Finally, undo Nussbaumer’s trick. Extract the scaled product in A[x] from the
scaled product in A[x]/(x2M/K − 1), and reduce modulo xM/K − y. This reduction
takes fewer than M additions in R.
The total number of multiplications in R is (2M/K)KE = 2M E as claimed.
The total number of additions in R is at most 6M (m − k + 1) ≤ 3EM + 6M from
the FFT, plus (2M/K)K((E/2)(3e + 5) − 7) from the recursion, plus M from the
final reduction, for a total of M times E(3e + 5) − 14 + 3E + 6 + 1 = E(3e + 8) − 7
as claimed.

Theorem 11.2. Let R be a ring. Let e ≥ 0 and m ≥ 1 be integers with 2e−1 <
m
m
m ≤ 2e . There is an algorithm that, given a, b ∈ R[x]/(x2·3 + x3 + 1), computes
3m+e−1 ab with 3m+1 2e+2 multiplications in R and fewer than 3m (2e (18e + 39) − 26)
additions in R.
k

k

Proof. Similar to Theorem 11.1. Define k = dm/2e and A = R[y]/(y 2·3 + y 3 + 1)
m
m
m−k
for e ≥ 1. Map R[x]/(x2·3 + x3 + 1) to A[x]/(x3
− y); lift to A[x]; map to
2·3m−k
3m−k
A[x]/(x
+x
+ 1); apply the radix-3 FFT.

Theorem 11.3. Let R be a ring. Let n ≥ 7 be an integer. There is an algorithm
that, given polynomials a, b ∈ R[x] with deg a + deg b < n, computes ab with at most
(8 + 36/lg 3)n lg n multiplications in R and at most (12 + 54/lg 3)n lg n lg(16 lg n)
additions in R.
Here lg means logarithm base 2.
Proof. Let m be the smallest integer with 2m ≥ n, and let l be the smallest integer
with 3l ≥ n/2. Define e = dlg me and d = dlg le. Note that e ≥ 1 and d ≥ 1 so
2e−1 ≤ m − 1 < lg n and 2d−1 ≤ l − 1 < (lg n)/(lg 3).
Compute 2m+e−1 ab by the algorithm of Theorem 11.1, and 3l+d−1 ab by the
algorithm of Theorem 11.2. The number of multiplications is 8 · 2m−1 2e−1 < 8n lg n
plus 72 · 3l−1 2d−1 < 72(n/2)(lg n)/(lg 3). The number of additions is less than
4·2m−1 2e−1 (11+3(e−1)) < 12(n lg n)(4+lg lg n) plus 6 · 3l−1 2d−1 (57 + 18(d − 1)) <
(54/lg 3)(n lg n)(3.5 + lg lg n).
There are nonnegative integers u < 2m+e−1 and v < 3l+d−1 such that 3l+d−1 u −
m+e−1
2
v = 1. Compute u3l+d−1 ab and v2m+e−1 ab by repeated doubling, and
subtract to obtain ab. The reader may verify that the number of additions here is
smaller than 0.5(54/lg 3)n lg n.

Notes. Theorem 11.3 was proven by Cantor and Kaltofen in [25]. The extreme
generality of this method is pleasant for theoretical purposes, though of dubious
value in practice.
The constants in Theorem 11.3 can easily be improved. One can, for example,
use Karatsuba multiplication for small m in Theorem 11.1 and Theorem 11.2.
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12. Implementation notes
Optimization. Most of the techniques shown in this paper are “divide and conquer” tools: they reduce a large multiplication problem to a set of smaller multiplication problems. It is a mistake to use a single method recursively all the way down
to tiny problems. The optimal algorithm will generally use a different method for
the next level of reduction, a third method for the third level, and so on. In practice it is convenient to have one procedure for every finite ring, and one procedure
for every input size in every infinite ring, with the optimal code in each procedure
determined experimentally. This structure also makes it easy to allocate temporary
space for each procedure.
Handling numbers of different lengths. Consider the problem of multiplying
an m-bit integer by an n-bit integer, with m much smaller than n. Schönhage has
suggested breaking the n-bit integer into roughly n/m pieces and handling each
piece separately. See [57, exercise 4.3.3–13]. The optimal choice of piece size is
highly implementation-dependent.
Eliminating redundancy. A typical mapping or lifting procedure for computing
ab has the following shape: first transform a, then transform b, then multiply, then
undo the transform. One can record the transformed versions of a and b for reuse
in future products. (This idea was announced in [31, section 9], but it was already
well known in the folklore; see, e.g., [72, section 3.7].)
Saving space. Squaring generally takes somewhat less space than multiplication.
One can use the identity ab = ((a + b)2 − (a − b)2 )/4 when temporary storage is
limited.
Results. There have been many reports of implementations of multidigit arithmetic: see, e.g., [6], [31], [60], [72], [79], [89], [116], and [118]. It is difficult to
compare these implementations, since speed varies wildly according to choice of
hardware, choice of language, choice of compiler for high-level languages, and programmer skill.
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