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1. Introduction

This is our second paper devoted to the description and analysis of the
hyperelliptic curve method. The hyperelliptic curve method is a probabilistic
algorithm for factoring integers. It is well suited to finding small prime factors of
an integer and, in particular, to recognizing smooth integers, that is, integers built
from small prime numbers.

The hyperelliptic curve method is closely related to the elliptic curve method
[8]. We refer the reader to the introduction to our first paper [9] for a discussion
of the provenance of the hyperelliptic curve method, its relation to the elliptic
curve method, and comparison of run times with other algorithms.

The hyperelliptic curve method uses the Jacobian varieties of curves of genus 2
over finite fields in the same way that the elliptic curve method uses elliptic
curves over finite fields. Let k be a finite field of odd characteristic, and let g be
its cardinality. Let f € k[X] be a sextic or quintic polynomial with non-vanishing
discriminant. Let Cy; be the smooth projective curve over k whose function field is
the field of fractions of k[X,Y]/(Y> —f), so that the genus of C; equals 2.
Denote by J; the Jacobian variety of C;, and by J;(k) the set of k-rational points
of Jr, which is a finite Abelian group. Since C; has genus 2, the Riemann
Hypothesis for Abelian varieties over finite fields, proved by Weil [22], implies that

#1,0) € [(va — ', (va + 1)),

where # denotes cardinality. So #J;(k) resides in an interval of length ~8q3/ 2
centered at ~g* as ¢ — co. (We use the notation A(g) ~ B(g) as ¢ — o to mean
that A(q)/B(q) — 1 as ¢ — 0.) The number of sextic and quintic polynomials
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over k with non-vanishing discriminants is ~ q7 as g — 0. Therefore, the assignment
f— #Jf (k)

has fibres whose average size is ~ %q”/ 2 as q — . If we restrict to quintic

polynomials then the fibres have average size ~ %qg/ 2 as q — 0.

The main results of the present paper concern the size of the fibres over the
integers z in a subinterval of [(,/g —1)*, (/g + 1)*]. This subinterval is of the
form [¢? — cq®/%, ¢* + cq’?], where c is positive and explicit. Excluding a small
set of values for z, we show that the size of each fibre is not much smaller than
the average value that we just computed. Thus, the assignment [+ #J;(k)
distributes the polynomials f fairly evenly over a substantial subinterval of
[(va—1" (va+1)").

Our first result restricts to prime fields and to quintic polynomials. Prime fields
are the only ones that arise in the analysis of the hyperelliptic curve method.
Curves Cf with quintic polynomials f are attractive to use, since their Jacobians
are particularly easy to construct and to operate in.

THEOREM 1.1.  Let p be a prime number with p = 8100, and let T, denote the
prime field of cardinality p. Then for all but at most p integers z in the interval

[p? _%p3/2,p2 —|—%p3/2] there are at least

9/2
p/

24,000 - (logp)* - (loglog p)*

quintic  polynomials f € F,[X]| with non-vanishing discriminants such that
#Jp(Fy) = z.

If we do not insist that the curves have quintic models, we can prove a result
valid for all finite fields of odd characteristic, with a smaller exceptional set. This
result is not needed for our analysis of the hyperelliptic curve method.

THEOREM 1.2. Suppose that k is a finite field, and suppose that the cardinality
q of k is odd and_at least 14,400. Then for all but at most 28,/q integers 7 in the
interval | 2 éqyz, q2 +$q3/2] there are at least

11/2
q/

48,000 - (log ¢)* - (loglog g)*

sextic polynomials f € k[X] with non-vanishing discriminants such that #J;(k) = z.

No great significance should be attached to the constants 24,000 and 48,000
occurring in the theorems beyond the fact that they are explicit. They are
definitely open to improvement.

We briefly explain the role that Theorem 1.1 plays in the analysis of the
hyperelliptic curve method. The success of the hyperelliptic curve method depends
on #J;(F,) being sufficiently smooth — that is, built up entirely of sufficiently
small prime factors — with reasonable probability when f is selected at random.
The precise sense of ‘sufficiently smooth’ and ‘reasonable probability’ in our
situation is discussed in [9].

To prove that #J;([F,) is sufficiently smooth with reasonable probability, one
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first shows that an interval of the form [x — x4 x4 ex® *] contains reasonably
many numbers that are sufficiently smooth. Such a result is contained in our first
paper, [9], in which we proved various theorems about the density of smooth

numbers in short intervals. Taking x = p* and ¢ =1 one finds that the interval
[p? =L p3/2 p241p3/2 ins a fai ber of sufficient] h i
p°—5p” ", p 45 p’’ 7] contains a fair number of sufficiently smooth integers

z. Next one applies Theorem 1.1 to these values of z to see that there is a
reasonably large number of quintics f for which #J,([F,) is sufficiently smooth.
This is the required result. For more details, and for an application of our result to
primality testing, we refer to the forthcoming third paper in this series.

Our main theorems provide only a lower bound for the number of f such that
Jr(k) has order z. For elliptic curves an upper bound of the same form — up to
powers of logarithms — is given in [8, Proposition 1.9]. One may believe that in
the case of hyperelliptic curves there is also an upper bound of the same form,
but the arguments that we give do not suffice to prove this.

Adleman and Huang [1, Chapter 4, Proposition 1] prove a result similar to
Theorem 1.2. However, their argument is restricted to prime numbers z, which
does not suffice for our purposes. Their result also admits a much larger set
of exceptions.

The structure of the proof of Theorems 1.1 and 1.2, and of the paper, is as
follows. In §2 the proofs are reduced to the proof of four auxiliary propositions.
The first of these (Proposition 2.1) estimates the number of f for which C; is
isomorphic to a given curve C of genus 2. The proof is elementary, and it is given
in §3. The second (Proposition 2.2) concerns the reconstruction of C from its
Jacobian, viewed as a principally polarized Abelian variety. The only new feature
of this result is a sufficient condition, in terms of the Jacobian, for C to possess a
quintic model; the details are given in § 3. Our third auxiliary result (Proposition
2.3) estimates the number of two-dimensional principally polarized Abelian
varieties with a given ‘Weil polynomial’. The proof occupies five sections. In § 4
we use the arguments of Stark [19] to obtain an effective lower bound for certain
quotients of class numbers (Proposition 4.2). In § 5 we prove the integrality of a
suitable quotient of zeta functions of finite rings. Combining these results, we
obtain in § 6 an effective lower bound for appropriately defined class numbers of
certain orders in number fields. Section 7 contains generalities concerning fourth
degree Weil polynomials. Once all these ingredients are available, we give the
proof of Proposition 2.3 in §8. It is based on a result of Deligne [4] that
establishes an equivalence of categories between the category of ordinary Abelian
varieties over finite fields, and a certain category of free Z-modules with
additional structure. We also employ results of Howe [6] on the translation of the
notion of polarization of ordinary Abelian varieties under Deligne’s equivalence.
Abelian varieties that are ordinary are the only ones that we use; thus, Theorems
1.1 and 1.2 remain valid if the additional condition that J; be ordinary is imposed
on f. The final result of §2 (Proposition 2.4) asserts that for most z in our target
interval an appropriate Weil polynomial can be constructed. The proof, which is
given in § 10, is completely elementary but somewhat involved; it makes use of a
result on non-uniqueness of factorization in short intervals that is presented in §9.
It may be of interest to pursue the latter subject for its own sake.

Fields of characteristic 2 are excluded in Theorems 1.1 and 1.2, not only
because we use models of the form y2 = f(x) for hyperelliptic curves, but also
because certain parts of our proof admit a larger set of exceptions when the
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characteristic equals 2. In §11 we state separately some results valid in
characteristic 2.

Throughout this paper, a ‘curve’ will mean a smooth absolutely irreducible
projective variety of dimension 1. All maps between varieties will be rational over
the base field, unless the contrary is explicitly stated. All rings are supposed to be
commutative with unit element, and the unit element is supposed to be respected
by ring homomorphisms and to be contained in subrings. The group of units of a
ring R is denoted by R*. By Z we denote the ring of integers, and by @, R and C
the fields of rational, real and complex numbers, respectively.

Acknowledgement. The authors thank J. Cremona, E. W. Howe, N. M. Katz,
S. Louboutin and P. Sarnak for their assistance.

2. Articulation of the proofs

Let k be a finite field and ¢ its cardinality. Theorems 1.1 and 1.2 are statements
about the fibres of the map from the set of sextic or quintic polynomials over k
with non-vanishing discriminants to Z, sending f to #J;(k). In the present section
we write this map as the composition of four maps. We formulate auxiliary
results, to be proved in later sections, about the fibres of each of these maps. At
the end of the section we deduce Theorems 1.1 and 1.2 from these results.

From polynomials to curves. The first map goes from the set of sextic or
quintic polynomials over k with non-vanishing discriminants to the set of
isomorphism classes of curves of genus 2 over k. It is defined only if g is odd,
and it sends f to the curve C; whose function field is the field of fractions of
k[X, Y}/(Y2 —f); it does have genus 2, by [20, Proposition VI.2.3(b)]. If C is a
curve of genus 2 over k, then we call a sextic or quintic polynomial f a
representative of C if C = C;.

PrROPOSITION 2.1. Let k be a finite field of odd cardinality q, and let C be a
curve of genus 2 over k. Then the number of representatives of C equals

(¢> =g’ —q)
#AutC ’
Also, there exists an integer r(C) satisfying
0=<r(C)<o6, r(C)=#C(k) mod 2,

such that C has exactly

r(C)(g—1)(g” — q) g A 1L=r(0))(g - 1)(q*> — q)
#AutC #Aut C

quintic and sextic representatives, respectively.

The proof of this proposition is routine. It is given in § 3.

From curves to principally polarized Abelian varieties. A principally polarized
Abelian wvariety over k is a pair (A, £) consisting of an Abelian variety A over
k and a principal polarization £: A — A of A over k; here A denotes the dual
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Abelian variety. An isomorphism y: (A, £) — (B,n) of principally polarized
Abelian varieties is an isomorphism y: A — B of Abelian varieties satisfying
¢ = Y. For all these terms, see [11].

The second map goes from the set of isomorphism classes of curves of genus 2
over k to the set of isomorphism classes of principally polarized two-dimensional
Abelian varieties over k. It takes C to the pair (J¢, &), where J is the Jacobian
variety of C (see [12]) and £, is the canonical principal polarization of J.
induced by the theta divisor (see [12, 6.11]).

An Abelian variety over k is called absolutely simple if it has, after base
extension to an algebraic closure of k, exactly two Abelian subvarieties, namely
{0} and the Abelian variety itself. For the definition of the trace of the Frobenius
endomorphism of an Abelian variety A over k we refer to [11, §§ 12 and 19].

PROPOSITION 2.2. Let k be any finite field, and q its cardinality. Let (A, ) be
a principally polarized absolutely simple Abelian variety of dimension 2 over k.
Then (A, &) is isomorphic to the canonically polarized Jacobian variety of some
curve C of genus 2 defined over k, and for any such C we have
AutC = Aut(A, £). If, in addition, both q and the trace of the Frobenius
endomorphism of A are odd, then any curve C of genus 2 with (J¢, £¢c) = (A, §)
possesses a quintic representative.

The proof of this proposition is given in § 3. The first part of Proposition 2.2 is
well known.

From Abelian varieties to Weil polynomials. By a Weil g-polynomial we mean a
polynomial h € Z[X] of even degree, with leading coefficient 1, all of whose
complex zeros have absolute value /g, and which satisfies 2(0) > 0 (and therefore
h(0) = ¢'%e"/2) If A is an Abelian variety over k, then we denote by h, the
characteristic polynomial of the Frobenius endomorphism of A (see [11, §§ 12 and
19]); this is a Weil g-polynomial of degree 2 dim A, by [11, Theorem 19.1] (the
property h4(0) > 0 follows from s, (1) = #A(k) > 0 and the absence of zeros of Ay
in the interval [0, 1]; see [11, Theorem 19.1(b) and (c)]).

The third map goes from the set of principally polarized two-dimensional
Abelian varieties over k to the set of Weil g-polynomials of degree 4. It sends
(A, S) to hA-

As we shall see in Proposition 7.1, the Weil g-polynomials of degree 4 are
exactly the polynomials # of the form

h=(X>+4q)* —aX(X>+q)+bX>,
where a and b are integers satisfying
2lalyg—4g<b<la*<4q.

Moreover, a and b are uniquely determined by 4. We say that such a polynomial 7 is
ordinary if b is not divisible by the characteristic of k, that i has odd trace if a is
odd, that & is regular if neither of the numbers a® — 4b and (b + 4q)* — 4qa” is
an integer square (see Remark 7.6 for an interpretation of these conditions), and
we define

c(h) = (a* = 4b)"% - (b +4q)* — 4qa>)"/>.
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By the weighted number of principally polarized Abelian varieties (A, £) in a
class S we mean Y 1/#Aut(A, ), the sum ranging over the isomorphism classes
of pairs (A, £) in S. Note that Aut(A, £) is finite, by [11, Proposition 17.5(a)].

PrOPOSITION 2.3. Let k be a finite field, and suppose that the cardinality q of
k is at least 8100. Let h be an ordinary regular Weil q-polynomial of degree 4.
Then the weighted number of principally polarized two-dimensional Abelian
varieties (A, &) over k with hy = h is at least

c(h)
95,000 - (logq)* - (loglogg)*"

Each such A is absolutely simple, and if h has odd trace, then the trace of the
Frobenius endomorphism of any such A is odd.

The proof of Proposition 2.3 is given in § 8.

From Weil polynomials to integers. The fourth map goes from the set of Weil
g-polynomials of degree 4 to Z, and it sends & to A(1). If A is an Abelian variety
over k, then we have hy(1) =#A(k) (see [11, Theorem 19.1(b)]). Hence the
composition of the four maps does map a sextic or quintic polynomial f € k[X]
with non-vanishing discriminant to #J; (k).

ProposITION 2.4. (a) Let g = 14,400 be an odd prime power. Then for all but
at most 28,/q integers z in the interval

la® =54’ 4> +34q
there is an ordinary regular Weil g-polynomial h of degree 4 such that h(1) =z
and c(h) = 2472,
(b) Let p=8100 be a prime number. Then for all but at most p integers 7 in
the interval

3/2]

[ 2—1p3/2 p2—|—lp3/2]

2 ’ 2
there is an ordinary regular Weil p-polynomial h of degree 4 with odd trace such
that h(1) =z and c(h) = 4p>/2

This result is proved in § 10.

Proof of Theorem 1.2. Suppose that ¢ is odd and that g = 14,400. Let
z€lq’ _%q3/2’ q2+$q3/2] be an integer that does not belong to the set of
cardinality at most 28,/q that is excepted in Proposition 2.4(a). It suffices to prove
that the conclusion of Theorem 1.2 holds for z. By the choice of z and
Proposition 2.4(a), we can choose an ordinary regular Weil g-polynomial 4 of
degree 4 with c(h) = 2¢%/? and h(1) = z. Applying Proposition 2.3 we find that
the weighted number of principally polarized, absolutely simple two-dimensional
Abelian varieties (A, £) with hy = h is at least

2. q3/2
95,000 - (logg)* - (loglogg)*"
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By Proposition 2.2, the same lower estimate holds for the weighted number of
curves C of genus 2, defined over k, with A; = h; here the isomorphism class of
C is counted with weight 1/#Aut C. Each such curve C has, by Proposition 2.1,
at least (¢ —5)(qg — 1)(¢* — q) /#Aut C sextic representatives f. Thus the number
of sextic f € k[X] with h; = h is at least

2.¢"*(g=5)g— 1> —q)
95,000 - (logg)* - (loglog ¢)*

The conclusion of Theorem 1.2 now follows from the inequality

2:(q=5)g-1a"~a)_ 4"
95,000 48,000

for g = 14,400,

and the observation that each of the sextic polynomials f with th = h satisfies
#Jp(k) = h(1) = z. This proves Theorem 1.2.

Proof of Theorem 1.1. The proof of Theorem 1.1 follows the same lines as the
proof of Theorem 1.2. One uses Proposition 2.4(b) instead of Proposition 2.4(a),
and employs only Weil polynomials that have odd trace. Likewise, when applying
Propositions 2.3, 2.2 and 2.1, one considers only Abelian varieties for which the
trace of the Frobenius endomorphism is odd, and curves that possess a quintic
representative; the last assertions of these three propositions are now invoked. This
proves Theorem 1.1.

3. Curves of genus 2 and their Jacobians

Proof of Proposition 2.1. Let k be a finite field of odd cardinality g, and let C
be a curve of genus 2 over k. By [20, Lemma VI.2.2(b) and Proposition
VI1.2.4(a)], the function field k(C) of C has a unique subfield K with
[k(C): K] =2 for which there exists x€ K with K =k(x); and by [20,
Proposition VI.2.3(a)], there is a sextic or quintic polynomial f € k[x] with non-
vanishing discriminant such that k(C) = k(x, y) with y* = f. For such f we have
C = C;. This shows that C has at least one representative.

We shall denote the unique non-trivial automorphism of k(C) that is the
identity on K by 7, and refer to it as the hyperelliptic involution.

We next investigate isomorphisms between two curves C; and C, of genus 2.
Write k(C;) = k(x, y) with y* =f(x) and k(C,) = k(x', y") with y'? =g(x'), and
suppose that we have an isomorphism C;— C,, inducing a k-isomorphism
o: k(C,) — k(Cf). The uniqueness of the subfield k(x) implies that ¢ induces an
isomorphism k(x') — k(x), so a(x") = (ax+b)/(cx+d) for some (* %) in the
group GL(2, k) of invertible 2 x 2 matrices over k. Also, y/a(y’) is fixed under
the hyperelliptic involution, so we have o(y’) = h(x)y for some h(x) € k(x)".
We have

g((ax+b)/(cx +d)) = h(x)f(x),

and since g is square-free we find that h(x) =e/(cx+d)’ for some e€k”,
and that

flx) = e_z(cx + d)6g((ax +b)/(cx+d)).
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Conversely, if the latter equality holds for a pair

<e, <i Z)) € k* xGL(2, k),

X' (ax+b)/(cx+d), y —ey/(cx+d)

then

gives an isomorphism C; — C,.
The group G = k™ X GL(2, k) acts (on the right) on the set of square-free sextic
or quintic polynomials in k[X] by

¢(X) o <e, (j Z)) — e 2eX +d)° - g((aX +b)/(cX +d)).
By the above, we have C;=C, if and only if f and g belong to the same
orbit under G. Hence, if we fix f, then the number of g for which C;=C,
equals #G divided by the order of the stabilizer of f in G. We have
#G=(q—1)-(¢° = 1)(¢* — q). A pair (e, (¢ 3)) belongs to the stabilizer of f
if and only if it gives an automorphism of C;. The pairs that give the trivial

automorphism are those that belong to the subgroup {(a3, ((“) 2)): aek*} of

order ¢ — 1 of G. Hence the order of the stabilizer equals (¢ — 1) - Aut C;. This
proves that the number of representatives of C; equals (¢* — 1)(¢* — q) /#Aut Cr.
Since each C is of the form C;, this implies the first assertion of Proposition 2.1.

To prove the second assertion, we let »(C) be the number of elements of C(k)
that are fixed under 7. These elements are precisely the k-rational points of C that
ramify under the map C — P! corresponding to the field extension k(C) D k(x),
and by [20, Proposition VI.2.3(c)] they correspond to the set of zeros of f in k,
including one zero ‘at infinity’ if degf =5. From degf <6 it follows that
0 <r(C)=<6. Also, since the points of C(k) that are not fixed under 7 come in
pairs {P, 7P}, we have r(C)=#C (k) mod 2. It remains to prove the statement
about the number of quintic models.

Let us first consider isomorphism classes of pairs (C, P), where C is a curve of
genus 2 over k and P is a point on C(k) that is fixed under 7; here we call (C, P)
and (C', P") isomorphic if there is an isomorphism C — C’ mapping P to P'.
When f € k[X] is a square-free quintic polynomial, then the rational function x on
Cy has exactly one pole on Cy, which we call P;. We have P; € C;(k), and P; is
fixed under 7, so the pair (Cy, P;) is one of the pairs under consideration.
Conversely, for every pair (C, P) there are exactly (¢ —1)(g*> — q)/#Aut(C, P)
square-free quintic polynomials f in k[X] for which (C,P) is isomorphic to
(Cy, Pr). To prove this, one mimics the part of the proof already given, with a
few minor changes. The first change is that one needs to choose the element
x € K such that it has a pole at P; this is possible, since the image of P in P!
belongs to I]j’l(k). Secondly, one should consider only isomorphisms C; — C, that
map Py to P,, which is equivalent to the restriction ¢ =0 on the matrices (‘C‘ 3)
that one works with. Since the group of those matrices has order (g — 1)(¢* — q),
one arrives at the formula (¢ — 1)(¢* — q) /#Aut(C, P) that we have just stated.

To count the number of quintic representatives one considers the map that sends
the isomorphism class of a pair (C, P) to the isomorphism class of C. Let C be a
curve of genus 2 over k. If P, P’ € C(k) are fixed under 7, then the pairs (C, P)
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and (C,P') are isomorphic if and only if P and P’ belong to the same orbit
under Aut C. Thus the number of quintic representatives for C equals

3 (g=1)(g" —q)
= #Aut(C,P) ’
the summation ranging over a set of orbit representatives for the action of AutC
on {PeC(k): 7P = P}. We may also extend the sum to include all P € C(k)
with 7P = P provided that each term is given a weight equal to the inverse of the
orbit size of P under AutC. This orbit size equals (#AutC)/#Aut(C, P), which
yields the formula stated in Proposition 2.1. Subtracting the number of quintic
representatives from the total number of representatives one obtains the final
formula in Proposition 2.1.

This proves Proposition 2.1, with the added information that »(C) is the number
of [,-rational points of C that are fixed under the hyperelliptic involution.

REMARK. It follows from Proposition 2.1 that C has at least one quintic model
if and only if r(C) >0, and that C has at least one sextic model unless and only
unless 7(C) = g + 1. Also, the equality r(C) = g + 1 can occur only if g equals 3
or 5. It is not hard to show that in those two cases one has r(C) =g + 1 if and
only if C=C; with f =X> — X.

Proof of Proposition 2.2. Let A be an absolutely simple Abelian variety of
dimension 2 over [, with dual A, and let £:A —A be a principal polarization.
Let D be a positive divisor on A that is defined over k and belongs to the divisor
class determining &; such a divisor exists since k is finite (see [11, Remark
13.2]). By [11, Theorem 13.3(b)], the self-intersection number of D equals
(D, D) = 2+/deg& = 2. A theorem of Weil [23, Satz 2] (or see [14]) implies that
this divisor is either a curve C of genus 2 or, over an algebraic closure k of k,
equal to the sum of two positive divisors. In the first case, (A, &) is isomorphic to
the principally polarized Jacobian of C; in the second case, A is, over k,
isomorphic to the product of two elliptic curves (see [23, 14]). The Ilatter
alternative is excluded by our assumption that A be absolutely simple. Hence we
have (A, &) = (Je, &c).

Torelli’s theorem (see [12, Corollary 12.2]) implies that C is uniquely
determined, up to isomorphism, by the property that (A, £) = (J¢, £¢). Also, the
proof of Torelli’s theorem, as given in [12], shows that for every 8 € Aut(J¢, £¢) there
is a unique o € AutC that maps to 3 under the natural map AutC — Aut(Je, &¢)
(cf. [12, Proposition 6.1]). Therefore we have AutC = Aut(A, §).

Next suppose that g and the trace ¢ of the Frobenius endomorphism of A are
odd. By [12, Theorem 11.1], we have #C(k) = 1 — t + g, which is odd. Hence the
number r(C) from Proposition 2.1 is also odd. Therefore we have (C) = 1, and by
Proposition 2.1 the curve possesses a quintic model. This proves Proposition 2.2.

4. Estimates for zeta functions

Let K be an algebraic number field of finite degree n over the field @ of
rational numbers. We write {y for the zeta function of K, which is defined on
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{se€C: Res>1} by
1
k@) =11 v
1;[ 1 —-N(P)

here P ranges over the set of maximal ideals of the ring of integers of K, and
N(P) is the cardinality of the residue class field of P. Denote by A the absolute
value of the discriminant of K over (0, by r; the number of real places of K, and
by r, the number of complex places of K. For s € C, Res > 1, we define

Ex(s) =s(s—1)- A7 (rz(;//zz) ) : (:;5:)) ) - Ex(s),

where I' denotes Euler’s gamma function. Note that for s € R with s> 1, both
$x(s) and &g (s) are real and positive.

LEMMA 4.1. (a) The function £x can be analytically extended to an entire
function satisfying the functional equation &g (s) = Ex(1 — ).
(b) All zeros p of &g satisfy 0 <Rep < 1, and one has

?;8:% ; (Siersiﬁ)

for each s € C with £x(s) #0; the sum ranges over all zeros p of &g, counted
with multiplicities, and it is absolutely convergent.

(¢) For s€ R with s> 1 one has

Er(s) 11 logA r (T'(s/2) I'(s)
RS R +3<F(s/2)_logw>+r2<ﬁs}‘log(2ﬂ>.

(d) If K#Q, then there is at most one zero B of &g that satisfies
Ref=1— (4logA)”" and |ImB| < (4logA)~", and if there is one then it is
real and simple.

(e) For K#Q and secR with 1 <s<1+2(n—1)/logA, one has

B Il At —ry €'lOgA ol
el =2 (S )

(f) One has £x(1) = h-reg/w, where h and reg denote the class number and
regulator of K, respectively, and w is the number of roots of unity in K.

Proof. For (a), see [7, Chapter XIII]. For (b), see [7, Chapter XV, Theorem 3
and Chapter XVII, § 1], as well as [19, Lemma 1]. For (f), one uses [7, Chapter
VIII, Theorem 5] and the fact that I‘(%) = /7 (see [24, 12.14]).

(c) From the definition of {x one sees that {x(s)/{x(s) <O for real s> 1.
Combining this with the definition of £ we find the upper bound in (c). The
lower bound follows from the expression given in (b) (see [19, Lemma 3]).

(d) This is proved in [19, Lemma 3], as a consequence of (b) and (c).

(e) We follow [10, proof of Theorem 1]. For a real number s = 1 we define

s =70 o (SR DY
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The logarithm of each of the three factors on the right is convex on [, o0); for
the first factor this is obvious, and for the last two factors it is the content of
[10, Lemma 9]. It follows that log g is convex on [1, o).

Put 6 =1+4+2(n—1)/logA. We claim that

glo)sg(l)y=2""""2.77"2
The equality is readily verified. We prove the inequality. From Minkowski’s
inequality VA = (;117r)’2 -n"/n! (see [7, Chapter V, §4]) one finds in a routine

manner that log VA =1(n— 1). Therefore we have o <4, and by convexity it
follows that g(o) < max (g(1), g(4)). Now one deduces the claim from

oo (4]

7['2 ri+ry 71_2 T 1 1
=4. — | — <—

60 40 PAREERE L&
except if r; + r, = 1. In the exceptional case K is imaginary quadratic, and one has
A=3,0=<23, and g(o) < max(g(1), g(3)); the inequality {g(3)* < {(2) (obtained
from the Euler product) implies then that g(3) = 3¢ (3)*n > < (27) ' = g(1). This
proves the claim.

Let s be real, s > 1. From the duplication formula [24, 12.15]

I'(s/2) T((s+1)/2) T(s)

24872 p+D/2 2r)°

for the gamma function, and from the elementary inequality {x(s) < {g(s)", one
sees that

Ee(s) = s(s— 1) - A7 (F(s/z) ) (F((” 1)/2)/’“””/2)” £k ()

27s/2 I'(s/2)/(2mw/?)
_A” U T(s/2) S (2T /DN
<G (s(s 057 ?@@) (ﬁ.s.F(s/2)> ’
s/2
:(S_Aﬁ-g(s).

Substituting s = ¢, which minimizes A 2/ (s — 1)"71, we find that
A(ﬂf])/lOgA'Al/z '1 A n—1
te(o) < —-g(0) = <&> AV2pmnen
(2(n—1)/logA)" 2(n—1)

which proves (e) for s = 0. To prove (e) for 1 <s =< ¢ it now suffices to observe
that £ is positive on [1, 00), by (c). This completes the proof of Lemma 4.1.

Combining (¢) and (f) we find an upper bound for % -reg/w that is due to
Louboutin [10, equation (2)]. It improves an upper bound obtained by Siegel
[18, Satz 1].

We now come to the main result of this section, which in substance is due to
Stark [19]. We let &, reg, w be as in Lemma 4.1(f), and by A, reg, and w, we
denote the corresponding quantities for the field K, appearing in Proposition 4.2.
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Likewise, we denote by A, the absolute value of the discriminant of K,
over Q.

ProPOSITION 4.2.  Let K be a totally imaginary quadratic extension of a totally
real algebraic number field K ., and suppose that K does not contain a subfield
that is imaginary quadratic over Q. Let M be a Galois closure of K, over (.
Write d = [K,: Q] and m = [M : Q] - max(1,4/d). Then we have

h-reg/w 1 (2(d—1) >f"1 1 VA
h, -reg./w, 47T'€21/40‘(m+1) log A /A+'

me-logA

The proposition implies that

horeg/w (d— 1! VA/\/AS

hy-reg,/w. "~ 21.243-(4270)"" ' (m+1) (logA,)’ ' logA’

where m + 1 may be replaced by 5, 9 or d!+ 1, according as d =2, d =3 or
d = 4, respectively.

Proof. For s € C with Res > 1, we define

L(s) = fK(S)/S°K+(S)’
d
Als) = (A/AL )72 <w> L(s).

xr+1/2

The function A may be analytically extended to an entire function (see [7,
Chapter VIII and Chapter XIV]). The duplication formula quoted in the proof of
Lemma 4.1(e) implies that
£k (s) = $K+(s) “A(s).

It follows that A satisfies the functional equation A(s) = A(1 —s).

By Lemma 4.1(f) one has
_ h-reg/w

hy-reg,/wy
We shall estimate this quantity from below.

From Lemma 4.1(b) one obtains

A(s 1 1 1
w22 ()
(s) —~\s—p S—p
for each s € C with A(s) # 0, the sum ranging over all zeros p of A, counted with
multiplicities; all these zeros are also zeros of £x. Let B be the set of zeros 3 of

A that satisfy Re =1 — (4logA)™" and |ImB| < (4logA)~'. By Lemma 4.1(d),
the set B is either empty or consists of a single simple real zero. We shall need:

A(1)

1
(43) 6 <l-— W for every B € B,
with m as defined in Proposition 4.2. We postpone the proof of this assertion until
the end of this section. It depends crucially on the assumption that K does not
contain an imaginary quadratic subfield.
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Let o = 1 + (4logA) ™' If p is a zero of A that does not belong to B, then as
in the proof of [19, Lemma 2] one has
1 1 1 1
+ —<2 + =
S§—p S—p 0y —p 0Op—p
for every real number s with 1 < s < ¢g,,. Therefore we have

w072 (5ras) B ()

BEB

for the same values of s, where the first sum ranges over the zeros p of A. We
may include the zeros of £¢ in that sum, since they give positive contributions.
Then the first sum changes to 2£x(0()/£x (o). Integrating from 1 to o, and
exponentiating one finds that

i <en(in )

opg — 1 ))
2 .
( oo — B
Using the fact that A(oy) = ‘g’,(((ro)/,f,(+ (0p) we now obtain

£k (00)
A(1) =exp (2 l—o
( ) ( 0) EK(UO)
We estimate the four factors separately.
For the first factor we apply Lemma 4.1(c) to s=o0,. Since
oo=1+ (4log A)f1 is smaller than the unique positive zero 1.46163... of T''/T
(see [24, 12.33]), we have I''(0)/T(0() <0, and we find that

52(00) 1 1
<1+ +2log A —dlog(27).
£x(00) oo—112% g2m)

where we put

EH<

BeEB

> -£x(00) - £k, (00) ' - E.

This leads to

s 2o
exp(20)

which is our estimate for the first factor.
For the second factor, the definition of £ and the obvious inequalities
?K(O‘O) > 1 and 00 > ] lmply that

Ex(og)> (09— 1) - A%/, <F(00) >d:(\/5 . el/8 '((F(UO)I)J.

(2m)%° 27r)d 4logA 2m)70"
Let v = 0.5772157 denote Euler’s constant (see [24, 12.1]). From the inequality
r’ '
(5) 2—) = —y>—log2,
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valid for s =1 (see [24, 12.16]), one deduces that
F(UO) = F(Uo)/r(l) = exp(—fy(o-o _ 1)) > 21700,

which, since m > e, gives

T(og) 1 e Vo U exp(20, —2)
> > — =———
(27[_)0071 (47r)d(0071) 472 (27‘_)2d(0071)
In the last inequality we use the fact that 4 =2, which follows from the
assumption that K does not contain an imaginary quadratic subfield. We obtain

VA ~_exp(20)
2m)"-4e"5/8 .log A (27)30- 1)

£k (0g) >

This is our estimate for the second factor.

For the third factor we apply Lemma 4.1(e) to the field K, and
s=0o=1+ (4logA)~". The condition K, # @ is satisfied, and from d =2 and
A, <A one sees that the condition og<1-+2(d—1)/logA, is satisfied as
well. We find that

2(d —1) )d—l 1
e-logA VAL

The fourth factor, E, is equal to 1 if B is empty. Suppose next that B = {S}.
Applying (4.3) we see that E is at least the minimum of

(1 =x)exp(2(og = 1)/ (00 —x))/ (00 — )

for 1 — (4logA) ™' <x<1— (4mlogA)~" or, equivalently, the minimum of

f(y) =yexp(2/(1+y))/(1+y)
for 1/m<y=<1 (with y= (4logA)(1—x)). One readily verifies that f is
increasing on [0, 1], so the required minimum is f(1/m), which by m=4 is at
least 68/5/(m + 1). This is less than 1, so it is in both cases a lower bound for E.
Assembling the four estimates we find that

VA .2d'(2(d—1)>‘i1' 1 _e8/5
(27)? - 4e'7/8 . log A e-logA VAL m+1

Rearranging the right-hand side, and applying Lemma 4.1(f), we obtain the
inequality stated in Proposition 4.2. It remains to prove (4.3).

¢k, (09) ' =27 <

A1) >

A discriminant formula. The proof of (4.3) makes use of a formula for
discriminants that is difficult to locate in the literature. Since it is also useful in
other contexts, we state and prove it in the general case of Dedekind domains.

Let A be a Dedekind domain, E its field of fractions, F a finite separable field
extension of E, and B the integral closure of A in F. We denote by Ag,, the
discriminant of B over A, which is a non-zero ideal of A.

Let M be a finite Galois extension of E, with group G, and suppose that M is
large enough to contain an E-isomorphic copy of F. We write S for the set of
E-embeddings F — M. This is a set of cardinality [F : E], and it is naturally acted
upon by G. Denote by C the integral closure of A in M. We assume that for each
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maximal ideal P of C the field C/P is separable over A/(PNA). This
assumption is satisfied in the case of rings of integers in number fields, since in
that case all residue class fields are finite.

THEOREM 4.4. Let the notation and hypotheses be as above, and let I, denote
the C-ideal generated by {oc — c: ¢ € C}, for o € G. Then we have

M:E K LOSFES
AE?/A | _ H Neya (Ia)#{ves v;és},
ge€G,0#1

where N¢ 4 denotes the ideal norm from C to A.

It is only through the exponents #{s € S: os# s} that the formula given in
Theorem 4.4 depends on F. This is what accounts for its usefulness. The fact that
the formula for Ag,/, is independent of the choice of M can be proved directly by
means of a theorem of Herbrand (see [16, Chapter IV, Proposition 3]). One can
give a similar formula that is valid when M is an infinite Galois extension of E; it
involves a distribution on the Galois group.

Proof. The different ¥ ,4 of C over A is given by

@C/A: H I(T;

0e€G,0#1

if C is a complete discrete valuation ring, this is a reformulation of [16, Chapter
IV, Proposition 4], and the general case then follows from [16, Chapter III,
Proposition 10].

Let s € S, and let G; = {0 € G: s = s}. Then G; is the Galois group of M over
sF, and applying the formula above to the extension sF c M we find that

"@C/A‘B = H I,
g€ Gy, 0#1
The formula Y/ = Y8 - Zsp/a (see [16, Chapter 111, Proposition 8]) now yields
C . @SB/A - H Io‘
0€G,05%#s

Applying Nc/q = Nygsa © N¢/gp and noticing that

NsB/A(NC/sB(C : 953/.4)) = NsB/A(@sB/A)[MZSF] = A%/f] = A[]_;'A/[/:f]/#s

one obtains

M:E|/#S
A[B/A ] = H NC/A(LT)'
0€G,05#s

Taking the product over s € S we find the formula stated in the theorem. This
proves Theorem 4.4.

An alternative proof of Theorem 4.4 can be derived from the theory of
conductors (see [16, Chapter VI, §3]).

COROLLARY 4.5. With the same notation and hypotheses as in Theorem 4.4,

assume in addition that M is a Galois closure of F over E. Then AZC/A divides A[BA/I/AE].
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Proof. Since M is a Galois closure of F over E, the only element of G that
acts as the identity on S is the identity element of G. Hence every o € G with
o # 1 moves at least two elements of S:

#{se€S: os#s}=2;
or, equivalently,
M E]-#{se€S:os#s} =2 -#G.

We now express each of Ap,4 and A/, by means of the formula given in
Theorem 4.4. The set that plays the role of § in the formula for A.,, is G itself,
on which G acts by left multiplication. For each ¢ € G with o# 1, one has
#{secG: os;:és} #G; so the inequality just proved implies that A[B/A] is
divisible by AC /a- This proves Corollary 4.5.

One can deduce from the proof of Corollary 4.5 that equality holds if and only
if the inertia group of any maximal ideal of C that is ramified over A is generated
by an element of G that acts as a transposition on S.

We now prove (4.3). With a coefficient 16d! instead of 4m, this result is due to
Stark [19, Lemma 9]. We indicate which change to make in his argument. By
Corollary 4.5, the discriminant of the Galois closure M of K, over Q divides
A[f:@]/ ®. The different of N = M- K over M divides the different of K over K "
(see [19, Lemma 6]), so writing A_ for the norm from K to Q of the latter
different, we find that the discriminant of N over @ divides A[M O AM:KL]
(This replaces Stark’s bound A ) If the field N has a conjugate N’ # N, then
the field L=N-N' equals K-N’, so the different of L over N' divides the
different of K over K, and one finds that the discriminant of L over QQ divides

AﬂM:@] CAMEKL] (This replaces Stark’s bound AM!.) From A = A2+A, and the
definition of m (given in Proposition 4.2) one finds that the discriminant of N and
the discriminant of L (if it exists) both divide A™. With this bound, Stark’s

argument leads to (4.3). This completes the proof of Proposition 4.2.

5. Zeta functions for finite rings

For a positive integer n, the size of the unit group (Z/nZ)" is not much
smaller than the 51ze of the full ring Z/nZ. More precisely, we have

#(Z/nZ) =n-e —ytoll )/loglogn for n— oo (see [5, Theorem 328] and
Remark 5.10 below). In the proof of Proposition 2.3 we shall need similar
information for other finite rings. The natural tool for obtaining sharp results is
the theory of zeta functions for finite rings, to which the present section is
devoted. Ultimately, these results are responsible for the factor (logloggq)?
appearing in the estimate of Proposition 2.3. The reader who is satisfied with the
higher power (loglog q)6 can skip most of this section (cf. Remark 6.5).

We recall that rings in this paper are assumed to be commutative with unit
element, and that the latter is supposed to be respected by ring homomorphisms
and to belong to subrings.

Let A be a finite ring. Following [17], we define the zeta function {4, of A by

1
Cals) = 1;[ T=#@A/ M)
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where M ranges over the set of maximal ideals of A and s is a complex variable.
Using the fact that A is isomorphic to the product of its localizations A,, (see
[2, Theorem 8.7]), we find the special value

(51 S = s

which explains the relevance of zeta functions for our purpose. The nilradical
nilA of A is equal to the intersection of all maximal ideals (see [2, Corollary
8.2]); so the reduced ring A,y = A/nilA is given by A,q = [[yyA/M. Clearly,
we have

(5.2) 4= A
One easily proves the functional equation
gdA(_S) = (_l)t ' (#Ared)is ' ?A(s)’

where ¢t denotes the number of maximal ideals of A, which leads to another
special value:

(5.3) Cal=1) = (=1)"- (#AL) "
For a prime number [, let A; be the localization of A at [. Writing A as the

product of the rings A;, with [ ranging over the set of all prime numbers, one
readily finds the Euler product

1
(5.4) Sals) = H m

where P; is a polynomial with integer coefficients and constant term 1. One also
finds that all zeros of P; are roots of unity (the Riemann hypothesis), and that the
degree d; of P; is determined by

#Aea =[] 17
l

For all but finitely many / one has d; = 0 and P, = 1. Substituting s = 1 we find that

#A* _ 1\
(5.5) H:H}W 1)>H (17) ,

which one can also easily prove without using zeta functions.

As we just saw, 1/{4(s) has an Euler product in which the /th factor is a
polynomial in /™*. It is not hard to show that the same is true for {z(s)/¢a(s),
where B is any subring of A. We shall prove the following more general result.

THEOREM 5.6. Let A be a finite ring, let B and C be subrings of A, and put
D = BN C. Then we can write

c(s)Ecls) s
$als)$p(s) a l};[nte(l )

where Q, is a polynomial with integer coefficients, all of whose zeros are roots of
unity, with constant term 1, and with degree deg Q; determined by

#(Ared/(Bred + Cred)) = H ldeng'
I
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Note that B,y and C,4 may be viewed as subrings of A,.q; by Bieq + Creq W€
mean the additive subgroup they generate.

Taking C = B one recovers the earlier statement about {p(s)/{a(s). It is not
generally true that, for subrings B, C, E of A, the alternating product

$8()§c(8)§e(s)EBncne(s)
Ca($)SBAc()$BnE(S)SenE(s)
has the same general shape; a counterexample is provided by A =F,xF,xF,

where 12 is any prime number, with B, C and E equal to the three subrings of A of
order [°.

Proof of Theorem 5.6. Writing A as the product of the rings A; we
immediately reduce to the case in which A =A; for a single prime number /.
Let this now be assumed. Next we shall replace A by A,,q, and B and C by their
images B.q and C,.q in Aq. This replacement is justified by (5.2) and the equality

(57) Dieqg = Breg N Cred

(inside A,.q), which we proceed to prove. The inclusion c is obvious. To prove DO,
suppose that b € B and ¢ € C have the same image x in A,q. One readily shows that
b' = ¢! mod (b — ¢)nil A, and, inductively, that b"" =c" mod (b — ¢)(nilA)"~ ! forall
positive integers n. Now choose n so large that (nilA)" = 0. Then it follows that
bl = cln, which is an element of BN C = D. Choosing, in addition, n to be
divisible by the degree of each field A/M over [F;, one sees that this element of
D maps to x in A,4. Hence we have x € D4. This proves (5.7).

We may, and do, now assume that A =A; = A4, so that A is a product of
finite fields of the same characteristic /, and likewise for the three subrings. From
(5.4) it is clear that {g(s)¢c(s)/($a(s)Ep(s)) is of the form Q;(I"°) for some
rational function Q;. We shall prove that Q; is actually a polynomial. Evidently,
we can write Q; =f/g, where f and g are polynomials with integer coefficients
without common factor and with constant coefficients equal to 1. Since f and g
are coprime over the field of rational numbers, we can find polynomials u and v
with integer coefficients such that uf + vg = N for some positive integer N.

Applying (5.3) to A, B, C and D, and using the fact that D* =B* N C",
we obtain

_f(=Dic(=1) | #A"-#D"
) =4 e, (1)~ S #B#CT

— =#(A"/(B"-C)).

This shows that the rational function Q; assumes an integer value at /.

Let r be any prime number for which [" >#A, and let h€[F,[X] be an
irreducible polynomial of degree r. For any [;-algebra R, write temporarily
R’ =R[X]/hR[X]. The choice of r implies that h is still irreducible over any
residue class field A/M of A, so each of the rings (A/M)’ is again a field, and
A’ is the product of these fields. A straightforward computation now shows that
$ar(s) = $a(rs). Since we also have [” > #B, the corresponding statement for B is
true as well, and likewise for C and D. Also, we may view B’ and C’ as subrings
of A, with intersection D’. Hence, applying what we proved above, we find that
Q,(1") is an integer.

We have shown that the rational function Q; = f/g assumes integer values at
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infinitely many points /”. For each of them, g(/") divides f(!"), and therefore it
divides u(I")f(I") +v(l")g(I") = N as well. Thus, the polynomial g is bounded
on an infinite set of integers. This implies that g is constant, and in fact we have
g = 1 since its constant term is 1. It follows that Q; = f is a polynomial.

The remaining assertions of the theorem are now immediate. In particular, the
statement about deg Q; is obtained from the equality

_ #Ared ! #Dred
#Bred : #Cred '

which follows from (5.7). This completes the proof of Theorem 5.6.

# (Ared/ (Bred + Cred))

REMARK. A more conceptual proof of the fact that Q; is a polynomial may be
sketched as follows. Let [ be fixed, and let K be an algebraic closure of [;. Write
S, for the finite set of ring homomorphisms A — K. The Frobenius automorphism
of K induces a permutation of S, and therefore an automorphism ¢ of the
complex vector space C%. One shows that the characteristic polynomial of ¢ is
equal to P;. Next, using the fact proven above that D, g = Boq N Creq, One shows
that there is an exact sequence

0—C% - C%@CS —C™

of complex vector spaces, the maps respecting the action of ¢. Now, to prove that
Q; is a polynomial, one observes that it is in fact the characteristic polynomial of
the induced action of ¢ on the cokernel of the rightmost map.

COROLLARY 5.8. Let A, B, C and D be as in Theorem 5.6, and let d be a non-
negative integer such that the finite abelian group A/B can be generated by d
elements. Then we have

#A'/#C' _#A/#C (1 1)"
#B*/#D*  #B/#D o I

where | ranges over primes.

Proof. Let Q; be as in Theorem 5.6. For any complex root of unity » and any
prime number / we have |1 —7n/I| =1 — 1/1. Therefore we have

H 0,1 = H (1 - %)deggl.

If I does not divide the order of A/C, then it does not divide the order of its
homomorphic image A.q/ (Beq + Creq) €ither; so then we have deg Q; = 0. The
group Ayeq/ (Breq + Creq) is @ homomorphic image of A/B, so it can be generated
by d elements. It is also of square-free exponent, because A, is a product of
fields. Therefore #(A,eq/ (Bred + Creq)) divides ] 79, the product ranging over the
primes dividing its order. This implies that deg Q, < d for all /, and one obtains
Corollary 5.8 from the inequality above and (5.1).

By means of the same argument one proves the upper bound

* * d
#A*/#C $#A/#C‘ H 1 ‘
#B*/#D* #B/#D

1|1#(A/C)
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The following lemma provides an explicit bound for the product appearing in
Corollary 5.8.

LEMMA 5.9. Let P be a finite set of prime numbers. Then we have

11 <1 _D = (ﬁ.loglogmax{n I, 6000})_1.

lepP leP

Proof. If the cardinality of P is a given number k, then the product

(loglogmax { 11 6000}) 11 (1 —%)

lep lep
is minimal when P consists of the first k primes. Hence, for the proof of Lemma

5.9 we may assume that P is the set of prime numbers less than or equal to x for
some x > 1. According to [13, 3.16 and 3.30] we have

1
long>x- <1—@> for x =41,

I=x

1\ 1
g<1—7> <ev-<(logx)+@> for x > 1,

where [ ranges over primes and vy = 0.5772157 denotes Euler’s constant. These
inequalities and a small computation imply that for x =79 we have

1

<loglogll_[ l) . H (1 _l> =1
<x Is=x

Explicit computation for small x shows that this inequality holds in fact for

x = 37, and that the conclusion of the lemma is valid for all x. This completes the

proof of Lemma 5.9.

REMARK 5.10. It is clear from the proof that the conclusion of the lemma
holds with e” 4 0(1) as #P — oo in place of v/5. We have ¢” = 1.7810724.

6. The order of a Picard group

Let K be an algebraic number field, and let (0 be its ring of algebraic integers.
Let R be an order in K, that is, a subring R of @ for which the index (O : R) of
additive groups is finite. By A(R) we denote the discriminant of R over Z, by
PicR the group of classes of invertible ideals of R, and by h(R) the order of
Pic R. The regulator of R is denoted by reg R, the torsion subgroup of R” by u(R),
and the order of u(R) by w(R). We write Z for the profinite completion of Z, and
A for A ®z Z when A is a ring. One readily proves that the index (@* ﬁ*) of
multiplicative groups is finite; in fact, it is equal to ((0/F )" : (R/F)*) for any
non-zero (-ideal & that is contained in R (for example, & = (O : R)()). By a
formula of Dedekind, the number A(R) -reg R/ (w(R) - (0" : R*)) is the same for
all orders R in K, so in fact

h(R) -regR  h(0)-reg
w(R) - (0" : R*) w(0)
see [15, Theorem 3.7 and Corollary 4.6].

(6.1)
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Next assume that K is a totally imaginary quadratic extension of a totally real
field K,. We denote the non-trivial K, -automorphism of K by an overhead bar.
The degree of K, over Q is denoted by d, and the ring of integers of K, by (..
We assume that R =R, and we put R, = RN (,. Let K, be the multi-
plicative group of totally positive elements of K, . We define the group Pic, R to
consist of equivalence classes of pairs (I, 8), where I C K is an invertible R-ideal
and B €K+ is such that IT = BR; here we define two such pairs (1, 8) and
(J,7y) to be equivalent if there exists o € K* with af =J and aaf =+. The
group multiplication in Pic, R is defined by (1, 3)- (I',8") = (I11', BB").

THEOREM 6.2. With the notation and hypotheses as above, assume moreover
that K does not contain an imaginary quadratic subfield. Let 6 be the product of
the prime numbers dividing (O : R). Then Pic, R is a finite group of order at least

(d=1)""wR) - VAR)/VAR,)
m' - (log A(0,))*~" -log | A(O)] - (201og log max {8, 6000})“

where m’' equals 25, 45 or 5d!+ 5, according as d =2, d =3, or d = 4.

The proof of Theorem 6.2 is preceded by two auxiliary results. We keep the
notation and hypotheses as above; the special condition on K in Theorem 6.2 is
not needed in Lemmas 6.3 and 6.4.

We denote by Pic, R, the group of strict equivalence classes of invertible
R -ideals, where I and J are called strictly equivalent if there exists o« € K, 5
such that I = oJ. We write N for the norm map K — K defined by N(x) = x%,
and for several maps that it induces. One of these maps is the map
PicR — Pic, R ; to see that it is defined it suffices to observe that the groups
PicR and Pic, R, may be identified with K*/(R*K*) and K% /(R K. )
respectively, the notation ~ being as above.

LEMMA 6.3. The group Pic, R is finite of order
po WR) h(0) g0 w(C,) (0" :R*)
24 h(0y) regO, -w(0) (01 :R%)

where C denotes the cokernel of the map N: PicR — Pic, R ,.

Proof. Write R} 5o =R* N K+ (. The map Pic, R — Pic R sending the class
of (I, B) to the class of I gives rise to an exact sequence
* « . .o N
1—R}s¢/NR*—Pic,R—PicR—Pic, R, - C— 1.

It follows that Pic, R is finite of order #C - h(R) - #(R, .o/ NR")/#Pic R . The
exact sequence

l1—R,so—R, —>K;/K,so,—Pic, R, ->PicR, —1,
in which the middle group has order 27, implies that

#Pic, R, =2°h(R,)/#(R". /R 0);
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so we find that

h(R) #(R./NR")

h(R,) 24

From #(R* /R%?) =27 it follows that the last factor on the right equals the

inverse of the order of the group NR*/R’*. Since u(R) is the kernel of
N: R* — R’ there is an exact sequence

#Pic, R =#C-

1 — u(R)R% —R* ﬁ>NR*/R112 — 1.
Hence we have 29/#(R%./NR*) =#(NR*/R’?) = (R* : u(R)R".), and this is
equal to the regulator of the subgroup w(R)R’. of R" divided by regR. The
former regulator equals 201 regR ., the factor 271 coming from K being totally
complex and K, being totally real. Thus we obtain

1 h(R) -regR

24=1 p(R,)-regR’
Now apply Dedekind’s formula (6.1), both to R and to R, and use the fact that
w(R ) =2, to conclude the proof of Lemma 6.3.

#Pic, R =#C-

LEMMA 6.4. Let 6 be as in the statement of Theorem 6.2. Then we have

(0" :R") _ VAR)/A(O)//AR)/ACL)

~

(O R%) (v/5 - log log max{8, 6000})

Proof. Let & = (O :R)0, which is an (-ideal contained in R. Likewise,
F, =% N0, is an O, -ideal contained in RN ¢, =R . Let A be the finite ring
0/ Z, and denote its subrings O, /%, and R/Z by B and C, respectively. Then
the ring D=BNC is given by D=R, /% . The expression on the left in
Lemma 6.4 is now equal to #A™-#D"/(#B" -#C"), so we can apply Corollary
5.8; note that A/B can be generated by d elements, since it is a homomorphic
image of the group (/.. We find that

DE L DF d
(0" :R*) _#A/#C 10 (1_1>’
)

(0% :RY) #B/#D 1|#@A/C

with [ ranging over prime numbers. By Lemma 5.9, the product appearing on the
right is bounded below by (v/5 - log log max{8, 6000}) . We have

#A/#C = (0 :R) = \/A(R)/A(0),
and likewise #B/#D = \/A(R,)/A(C,). This proves Lemma 6.4.
REMARK 6.5. The weaker lower bound with denominator

(V/5 - log log max{8, 6000})**

is much easier to obtain. It suffices to apply (5.5) to A and D and to use the
trivial upper bounds #B* < #B and #C" < #C.

Proof of Theorem 6.2. We apply the formula of Lemma 6.3. The factor #C is
obviously at least 1. For the last two factors we use the lower bounds provided by
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Proposition 4.2 and Lemma 6.4. Noting that
21.243
<5 S5(m+1)<m/, 2-4270-V/5<20,

4.270 ’
we obtain Theorem 6.2.

7. Fourth degree Weil polynomials

In this section we denote by g a power of a prime number. We shall study the
set of Weil g-polynomials of degree 4, as defined in §2. For a,b € Z, we define
ha,b € Z[X} by

hep = (X*+q)* —aX(X* +q) + bX*.

PrROPOSITION 7.1.  The map sending (a, b) to h, , is a bijection from the set of
pairs of integers a, b satisfying

20al/q —4g<b<la*<4q

to the set of Weil g-polynomials of degree 4. The polynomial h, , has a real zero
if and only if (b —i—4q)2 - 4qa2 = 0. If h, , is ordinary then it does not have a
real zero.

Proof. First we show that £, , is a Weil polynomial whenever a and b satisfy
the stated inequalities. From a’ —4b =0 it follows that there are real numbers o
and 7 such that X> —aX +b = (X — ¢)(X — 7). The inequality 2|al\/q—4q9<b
implies that (iz\/cj)Z —a(*2,/q) +b=0, and so

(2vqg—0)2\/g—1)=0, (2\/q+0)(2\/q+7)=0.

If 0>2,/q then the first inequality implies that 7=2,/g, which contradicts
o7 = b < 4q. Likewise, 0 < —2,/q contradicts the second inequality. Therefore we
have |o| <2,/g, and by symmetry |7| < 2,/g. This implies that there are complex
numbers 7 and p of absolute value /g such that X I oX+g=X-71)(X-7)
and X> —7X +¢q= (X —p)(X —p). From 0 +7=a and o7 = b it follows that

(X —m)(X =) (X —p)(X —p) = (X* — 0X +¢)(X* — 17X + ) = hy,

so that h, ;, is a Weil polynomial of degree 4.

Conversely, suppose that & is a Weil polynomial of degree 4. From k(0) = q2 it
follows that each real zero of & has even multiplicity, so there are complex
numbers 7 and p of absolute value /g such that

h=X-m)X-7)(X - p)(X —p).

Let o=w7+ 7 and 7 = p + p. These are real numbers of absolute value at most
2,/q, and putting a = 0 + 7 and b = o7 we have

h=(X*—-7X+q)(X* — 06X +q) = (X* +¢)* —aX(X* +q) + bX*.

Since the coefficients of / at X and X are equal to —a and 2q + b, respectively,
we have a, b€ Z, and a, b is the unique pair of integers with h = h,, .
Because ¢ and 7 are in the closed interval [-2,/g, 2,/q], we have

4qg —4a\/q+b=(2\/qg—0)2/g—7)=0
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and
4g+4a\/qg+b=(2\/q+0)2\/q+T1)=0,
so b =2|al,/q —4q. We have also

b:aTgi(a—i—T)z:ia

and
la*=Yo+7’<14/q)] =
The polynomial &, , has a real zero if and only if a or 7is in {2\/g, —2.,/9}.
This is equivalent to one of +2\/_ being a zero of X? — aX + b, which occurs if
and only if (b +4¢)* —4qa”® = 0. This cannot happen if ged(b, ¢) = 1, that is, if
h is ordinary.
This proves Proposition 7.1.

PrOPOSITION 7.2. Let h=h, ;, be a Well q-polynomial of degree 4. Then h is
lrreduClble over Q if and only if a’> —4b is not an integer square and
(b + 4q)* — 4qa* #0.

Proof. The condition (b + 4q)* —4qa®#0 is equivalent to h not having a
real zero. Since the numbers *,/g have degree at most 2 over @, this condition
is satisfied if & is irreducible. Hence we may, in the proof of Proposition 7.2,
assume that 4 does not have a real zero.

As in the proof of Proposition 7.1, we denote by m a complex zero of /A, and
we put 0 = w+ 7. From 7 = g/ we see that 0 € Q(w). Since = is not real and
7% —om +q =0, we have [Q(7) : @(0)] = 2. Hence the irreducibility of & over
Q, which is equivalent to [Q(): Q] =4, is also equivalent to [Q(o) : Q] = 2.
Since o is a zero of X? —aX + b this is the case if and only if a® — 4b is not an
integer square. This proves Proposition 7.2.

In the rest of this section we let & = h, , be a Weil g-polynomial of degree 4
that is irreducible over Q. We denote by 7w a zero of & in some extension field of
Q, and we put K = Q(x). This is an algebraic number field of degree 4 over Q,
and it has an automorphism ~ of order 2 for which ¥ = ¢/x. The field K is a
totally imaginary quadratic extension of the real quadratic number field
K, =Q(r+7), and ~ generates the Galois group of K over K,. As in the
previous section, we write (/ for the ring of integers of K and (, for the ring of
integers of K. Moreover, we put R = Z[m, 7|, which is an order in K, and
R, = Z[m + 7|, which is an order in K. The hypothesis R = R of §6 is clearly
satisfied, and from R =R [r] =R + R, 7 one sees that R, is indeed equal to
the ring RN @, that we called R in §6.

ProposiTiON 7.3.  With the notation and hypotheses as above, let Tr denote
the trace function K — Q, and let p and p denote zeros of h, different from w and
7, in some extension field of K. Then the element = (r —T)(m+7T—p—p)
belongs to R, and for r € R one has Tr(rR) CZ if and only if r € R.™"

Proof. From w+ 7T+ p+p =a it follows that p+p € R, so ¢t € R. Next, let
Tr': K — K, and Tr : K, — Q denote the relative traces. A quick computation,
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which is based on R =R, —|—R+7r, shows that for r in R one has Tr'(rR) c R if
and only if r € R(w — 7). Likewise, from R, =7 + Z (m+7) one deduces
that for ' € R, one has Tr+(rR ) Z if and only if ' €R, (m+T—p—p) "
Combining these two facts with the formula Tr=Tr, o Tr’ and with the
R, -linearity of Tr’ one finds the last assertion of Proposition 7.3. This proves
Proposition 7.3.

ProposITION 7.4. In addition to the notation and hypotheses above, let the
function A be as in §6, let 6, as in Theorem 6.2, be the product of the prime
numbers dividing (O : R), and put

c(h) = (a*> —4b)'? - (b + 4q)* — 4qa”)"/?
as in §2. Then we have

0<A(0)<A(R,) =a’—4b< 16gq,

0<A(0)<A(R) = ((b+4q)* —4qa®) - A(R,)* <2564" = (49)*,
_ <32 s
—\/A(R)/\/A(R+)\3ﬁ g’

Proof. We may assume that K is a subfield of the field of complex numbers.
Let p, 0 and 7 be as in the proof of Proposition 7.1. Since the irreducible
polyn0m1al of o over @ is X* — aX + b, the discriminant of the ring R, = Z[o]
equals a” — 4b. This equals (o6 — 7)%, so it belongs to the open interval (0, 164).
From A(R,) = (O, : R.)*A(0.) we obtain 0 < A(C,) < A(R,).

We have A(0®)>0 since K has an even number of complex places, and
A(R) = (0 : R)*A(0) = A(0). The irreducible polynomial of 7 over K. is
X? — 06X +g¢, and its discriminant (7 —7)* = ¢ — 4¢ equals the discriminant of
the R -basis 1, = for R. By an easy computation, the norm map K, — @Q sends
this dlscr1m1nant to (b+4q)* 4qaz; so using the Z-basis 1, o, w, or for R
one finds that A(R) = ((b+4q)* —4qga®) - A(R.)>. One obtains the inequality
A(R) <256¢* by maximizing ((b + 4q)* —4qa®) - (a> —4b)* as a function of
real variables a and b over the domain described by the inequalities in Proposition
7.1; the maximum i 1s assumed ata=0, b= —-2gq.

The equality c(h) = +/A(R)/\/A(R,) follows immediately. To obtain the
stated upper bound for c(h), one maximizes ¢(h)? as a function of real variables
a and b over the domain described by the inequalities in Proposition 7.1; the
maximum is assumed for a =0, b = —%q.

It remains to prove the upper bound for 6. From

(O:R)=(0:Ox])- (Oy[n]: R y[7]) = (O: O [7])- (O : R+)2

it follows that the square of each prime [ dividing (€@ : R) divides one of the
numbers A(O, [w])/A(0) and A(R,). We have

A0 [x]) _ ((b+4q)* —4qa®) - A0, )
A(0) A(0) ’

and this divides (b + 4q)> — 4ga” because A(() is divisible by A(C, )* Therefore
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we have
82 < ((b+4q)* —4qa®) - A(R,) = c(h)*.

This proves Proposition 7.4.

ProrosiTION 7.5. With the notation and hypotheses as above, the field K
contains an imaginary quadratic subfield if and only if (b+4q)2 —4qa2 is an
integer square.

Proof. Clearly K contains an imaginary quadratic subfield if and only if the
Galois group G of a normal closure of K over Q is isomorphic to the Klein four
group. Let G be viewed as a transitive permutation group of the four zeros of A.
Since K is a tower of two quadratic extensions, the order of G divides 8.
Inspecting the symmetric group of degree 4, one sees that a transitive subgroup of
order dividing 8 is isomorphic to the Klein four group if and only if it consists of
even permutations only. We conclude that K has an imaginary quadratic subfield
if and only if its discriminant over @ is a square. By the formula for A(R) in
Proposition 7.4, this discriminant equals (b + 4¢)* —4ga® (modulo @Q*?). This
proves Proposition 7.5.

REMARK 7.6. In §2, we defined h to be regular if neither of a®> —4b and
b+ 4q)2 — 4qa2 is an integer square. From Propositions 7.2 and 7.5 we see that
h is regular if and only if the ring Q[X]/(h) is a field that does not have an
imaginary quadratic subfield.

The notation Pic, R and w(R) in the following result was introduced in § 6.

PropoSITION 7.7. Let the notation and hypotheses be as in Proposition 7.4,
and assume moreover that h is regular. Then we have

#Pic, R _ c(h)
w(R) ~ 95,000 - (logg)* - (loglog ¢)*

whenever g = 8100.

Proof. By Proposition 7.5, the field K does not contain an imaginary quadratic
subfield. Hence we can apply Theorem 6.2 with d = 2. Using the equalities and
inequalities given in Proposition 7.4 we obtain

#Pic, R _ c(h)
w(R) 40,000 - (log log max{32(¢/3)*/2, 6000}) - log(16¢) - log(4q)

Applying the inequalities

2 2
2 P =6000, 20 loga) < e 3/2 ) =1,
33 40,000 log(4q) -log(16g) \loglog(32(q/3)*/?)

which are valid for ¢ = 8100, we arrive at Proposition 7.7.

In the final results of this section we make the additional assumption that h
be ordinary.
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PropoSITION 7.8. Let h be an ordinary regular Weil polynomial of degree 4,
let ™ be a zero of h in an extension field of Q, and let K = Q(w). Then for every
positive integer n one has K = Q(x").

Proof. From
(r+7)’ —a(r+7) =-b, 77=gq, ged(b.q)=1

it follows that 7 and 7 generate the unit ideal of R. Therefore, for any positive
integer n, the elements 7" and T generate the unit ideal as well. Since they are
not units, that implies in particular that they are distinct: 7" # 7". Therefore ="
does not belong to K, and Q(=") is not contained in K . But since K does, by
Proposition 7.5, not have an imaginary quadratic subfield, every proper subfield of
K is contained in K. It follows that Q(7") must be equal to all of K. This

proves Proposition 7.8.

PrROPOSITION 7.9. Let h be an ordinary regular Weil polynomial of degree 4,
and let w and p be zeros of h in an extension field of Q. Then we have p # T if
and only if the field Q(m, p) has an exponential valuation v for which v(w) >0,
v(p) >0, and v(gq) > 0.

Proof. As we saw in the proof of Proposition 7.8, the elements = and 7
generate the unit ideal of R, and so there is no exponential valuation v of Q(w)
with o(7) >0 and o(7) > 0. This proves the ‘if’ part. For the ‘only if” part, we
assume that p # 7. Suppose that = and p are coprime in the ring of algebraic
integers (0" of Q(, p). Since p divides 77 = ¢, it must divide 7. Then 7/p is an
algebraic integer all of whose conjugates in the complex plane have absolute
value 1, so it is a root of unity. Then we have p" = 7" for some positive integer
n, while p # 7. Hence the total number of conjugates of " is smaller than 4.
This contradicts Proposition 7.8. It follows that (¢’ has a maximal ideal that
contains both 7 and p. Then it contains ¢ = n#7 as well. This maximal ideal gives
rise to an exponential valuation v of Q(p, 7) with v(w)>0, v(p)>0, and
v(g) > 0, as required. This proves Proposition 7.9.

8. Abelian surfaces with a given Weil polynomial

In this section we prove Proposition 2.3. We denote by k a finite field, by ¢ its
cardinality, by p its characteristic, and by k an algebraic closure of k. An Abelian
variety A over k is called ordinary if the number of elements of the group A(k) of
order dividing p equals pdlmA. By @, we denote the field of p-adic numbers.

We recall Deligne’s description, given in [4], of the category of ordinary
Abelian varieties over k, and the corresponding description of their polarizations
given by Howe [6].

By a Deligne g-module, or briefly a Deligne module, we mean a pair (T, F),
where T is a finitely generated free Z-module and F is an endomorphism of T
satisfying the following conditions:

(a) the endomorphism of T ®7 Q induced by F is semi-simple, in the sense

that H(F) =0 for some square-free polynomial H € Q[X], and all

eigenvalues of F in C have absolute value ql/ 2;
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(b) at least half of the zeros of the characteristic polynomial of F in an
algebraic closure of Q ps counting multiplicities, are p-adic units;

(c) there is an endomorphism V of T such that FV = gq.

If (T,F) and (T',F') are Deligne modules, then a morphism from (T, F) to
(T',F'") is a group homomorphism y: T — T’ such that Y o F = F' o 4.

Every Deligne module (7, F) has a dual Deligne module (T, F), defined by
T =Hom(T, Z)and (Fu)(t) = u(Vt)foru € Tandt € T. Anymorphismtp: (T,F)—
(T',F') of Deligne modules induces a dual morphism ¢: (T', F') — (T, F), by
¥ (u )() u(y(t)) forucT' and t€T.

For any Deligne module (7, F), the subring R = Z[F, V] of the algebra of
endomorphisms of (7, F) that is generated by F and V has the following two
properties: first, its additive group is finitely generated and free as a Z-module;
and second, R®7 Q is a product of finitely many totally imaginary algebraic
number fields, each of which is a quadratic extension of a totally real number
field. Let, generally, R be a ring satisfying these two conditions. By a CM-type for
R we mean a set ® of ring homomorphisms ¢: R — C with the property that for
each ring homomorphism y: R — C there exist a unique element ¢ € ® and a
unique element ¢ of the Galois group of C over R such that y =co ¢. If ®is a
CM-type for R, then an element ¢ € R is called ®-positive if for each ¢ € ® the
number ¢(¢)/i is real and positive; here i € C denotes a fixed square root of —1.
Such elements ¢ exist for every &.

With this terminology, we call a morphism \: (T, F) — (T, F) a polarization of
(T, F) with respect to a CM-type ® for R = Z[F, V], if the Z-bilinear map
T XT — Z that sends (s, ) to A(¢)(vs) is symmetric and positive definite. (This
does not depend on the choice of ¢; cf. [6, (4.10)]. The other conditions
mentioned in [6, (4.10)] are automatic.) A polarization A is called principal if it is
an isomorphism (7, F) — (T, F ). By a principally polarized Deligne module we
mean a pair consisting of a Deligne module (7, F) and a principal polarization N
of (T, F); this notion is relative to a choice of ®.

Let W denote the ring of Witt vectors over k. It is isomorphic to the completion of
the ring of integers of a maximal unramified extension of Q,. Denote by Q the
algebraic closure of Q inside C. For a ring homomorphism e: W — C, we let v, be
the unique exponential valuation on QQ that extends the valuation on Q Ne(W)
coming from W, normalized so that v.(p) = 1. For any € and any ring R = Z[F, V]
as considered above, the set &, = {¢: R — C: v (¢(F)) > 0} is a CM-type for R.

THEOREM 8.1. For each ring homomorphism e: W — C there exists a category
equivalence 9 = 9.  from the category of ordinary Abelian varieties over k to
the category of Deligne g-modules, such that for every ordinary Abelian variety A
over k, with Z(A) = (T, F), the following is true:

(a) the characteristic polynomial of F on T equals the characteristic polynomial
hy of the Frobenius endomorphism of A;

b) if A is the Abelian variety over k that is dual to A, then A is ordinary, and
there is an identification 9 (A) = (T, F), functorial in A, with the property
that a morphism &: A — A is a polarization, or a principal polarization, if
and only if the map 7 (§): (T, F) — (T, F) is a polarization, or a principal
polarization, respectively, with respect to ®_;
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(c) if | is a finite extension of k inside k, then 9. (A ®;1) is the Deligne
q"“Mmodule (T, FI:9).

Proof. The construction of & and the proof that it is an equivalence of
categories can be found in [4]. Properties (a) and (c) are clear from the
construction. For (b) we refer to [6, §4]; the functoriality statement, which means
that Z(f) = 2(f)" for any morphism f of Abelian varieties, is obtained from
[6, proof of (4.5)] combined with [11, Lemma 16.2(b)]. This proves Theorem 8.1.

In the following result, we use the notation Pic, and w introduced in § 6. For
the meaning of ‘weighted number’, see § 2.

PrOPOSITION 8.2. Let h be an ordinary regular Weil polynomial of degree 4,
and let R=Z[w, T be as defined before Proposition 7.3. Then the weighted
number of principally polarized two-dimensional Abelian varieties (A, &) over k
with hy = h is at least (#Pic,R)/w(R).

Proof. There is no harm in assuming that R is actually a subring of C. More
specifically, among the two complex zeros of i with positive imaginary part, we
let = be the one that has the largest real part. Of the two complex zeros of h
different from 7 and 7, let p be the one with negative imaginary part. The fourth
zero is then p. We define « = (7 —7)(m +7 — p —p) €R as in Proposition 7.3.
Let the set ® consist of the inclusion map R — C and the map R — C that maps
w to p and 7 to p; the existence of the latter map follows from the irreducibility
of h. The set & is clearly a CM-type for R, and the labeling of the zeros of A
implies that ¢ is ®-positive. Since p# 7, there is by Proposition 7.9 an
exponential valuation v of Q(, p) such that v(7w) >0, v(p) >0, and v(p) >0,
and we can normalize v so that v(p) = 1. We may extend v to a valuation of Q,
which we likewise denote by v, and extend the inclusion of Q into C to an
embedding of its completion Q, with respect to v into C. Composing that
embedding with a continuous embedding W — Q, we obtain an embedding
W — C, which we call e. The construction of € implies that o, equals . Also, the
definition of ¢ and the choice of v imply that & = &,.

The group Pic, R was defined, in § 6, to consist of equivalence classes of pairs
(I, B), where I is an invertible R-ideal in the field K of fractions of R, and where
BEK, s is such that IT = BR. We show that each such pair (1, 3) gives rise to
a principally polarized Deligne module. First, denoting the map I — [ sending x to
wx simply by m, we claim that (I, 7) is a Deligne module. Namely, from
I ®7 Q =K one sees that the characteristic polynomial of 7 on I equals 4. Since
h is irreducible, this implies property (a) in the definition of Deligne modules.
From the ‘if’-part of Proposition 7.9 we obtain (b), and to prove (c) we let V be
the map sending x to 7x. Next we claim that there is an isomorphism
N (I, m) — (I, %) with

(8.3) N(t)(s) = Tr(s7(B) ™),

where Tr denotes the trace map K — Q. To prove this we first note that by the
non-degeneracy of the trace map there is, for each group homomorphism
u: I — @, a unique element « € K such that for all s €7 one has u(s) = Tr(sa).
Let u and « be such. Then u(I) is a subset of Z if and only if Tr(al) < Z. This
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is equivalent to ol cR.™', by Proposition 7.3, and to acl v ' =T(Bu)™"
Thus, for each t € I the map A(¢): I — Q defined by (8.3) takes values in Z, and
each group homomorphism / — Z is of the form A(z) for a unique ¢ € I. It follows
that \ is an isomorphism from I to I = Hom(l, Z). We have \(7t)(s) = \(¢)(7s),
so A is actually a morphism, and hence an isomorphism, of Deligne modules.
Finally, we claim that A is a polarization, and hence a principal polarization, of
(I, w). This is equivalent to the expression A(¢)(ts) = Tr(sz/B) being symmetric
and positive definite as a function of s and ¢, which follows from B € K ..

This concludes the construction of a principally polarized Deligne module
((1, ), N), starting from a pair (1, 3). Let (J,y) be a second such pair, giving
rise to a principally polarized Deligne module ((J, 7), u). We investigate all
isomorphisms of principally polarized Deligne modules ((1, ), N\) — ((J, 7), p),
that is, group isomorphisms o: I — J with o7 = 7o that satisfy \(¢)(s) = p(ot)(0s)
for all #,s€l, or, equivalently, A =duo. The group isomorphisms o: 1 —J
respecting the action of « are given by x — ax, where « € K satisfies al = J. The
condition A(t)(s) = u(ot)(os) amounts to

Tr(s7(Bt) ") = Tr(asai(ye)™') forall s, r€l,

which is equivalent to a@@ = +. This implies, first, that two pairs (I, ), (J,7)
give rise to isomorphic principally polarized Deligne modules if and only if they
define the same element of Pic,R; so the number of isomorphism classes of
principally polarized Deligne modules obtained in this way is equal to #Pic, R.
Secondly, we find that the automorphism group of each ((I, ), \) may be
identified with the group of all « € K™ satisfying «f = I and o = 1. Clearly any
root of unity « in R satisfies these conditions; and no other element o € K™ does,
since the first condition implies that «R = olI/B3 =11/8 =R, so o € R*, while
the second condition gives « € ker(N: R* — R’,) = u(R). The conclusion is that
each ((, w), N\) has exactly w(R) automorphisms.

We conclude that the ‘weighted number’ of principally polarized Deligne
modules that we constructed equals (#Pic, R)/w(R). The notion of isomorphism
of principally polarized Deligne modules that we just used corresponds, under the
category equivalence of Theorem 8.1, to the notion of isomorphism of principally
polarized Abelian varieties, by Theorem 8.1(b). Thus, the weighted number of
principally polarized Abelian varieties (A, £) over k that we obtain is also
(#Pic, R)/w(R). As we saw above, the characteristic polynomial of 7 on each /
equals &, so by Theorem 8.1(a) each of these A satisfies hy = h. This proves
Proposition 8.2.

Proof of Proposition 2.3. The first assertion of Proposition 2.3 follows from
Propositions 8.2 and 7.7. For the last two assertions, let A be any Abelian variety
over k with hy = h. Then A is ordinary, by [4, § 2]. To prove that A is absolutely
simple, let B be a non-zero Abelian subvariety of A ®, [, for some finite extension
[ of k in k; it will suffice to prove that B =A ®; [. Let n = [l : k|. By Theorem
8.1(c) and 8.1(a), the Weil polynomial of A ®;[ over [ is the characteristic
polynomial of F" on T, where Z(A)= (T, F). Its complex zeros, counting
multiplicities, are the nth powers of the complex zeros of h. Proposition 7.8 now
implies that the Weil polynomial of A ® [ over [ is irreducible over Q. Therefore
the Weil polynomial of B over I, which divides the Weil polynomial of A ®; [, is
actually equal to it. Hence B has the same dimension as A ®; [/, and therefore
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B =A ®; 1, as desired. To prove the last assertion of Proposition 2.3, it suffices to
remark that the trace of the Frobenius automorphism of A, as defined in [11], is
equal to the trace of h,, as defined in § 2. This proves Proposition 2.3.

9. Non-uniqueness of factorization in short intervals

In the present section we prove the following result.

PrROPOSITION 9.1. Let g be an integer with q > 1. Then there are fewer than
6-./q + 11 integers z for which there exist integers r, s, t and u in the interval

(V@ —1)% (/g +1)*] with z=rs = tu and {r, s} # {t, u}.

In §10 we shall use Proposition 9.1 in the proof of Proposition 2.4(a). The
present section can be skipped by readers who are interested in Proposition 2.4(b)
only; the latter result suffices both for our smoothness test and for the application
to primality testing alluded to in the introduction.

We deduce Proposition 9.1 from a general result on positive integer solutions to
the equation rs = tu that lie in a short interval [L, U]. If the length U — L of the
interval is at most 2+/L, then all solutions are trivial in the sense that {r,s} ={t,u}

(see Remark 9.3). In the proof of Proposition 9.1 we shall take U = (/g + 1)2 and
L= (/q- 1)%; then U — L is a little larger, but it is still O(v/L). In that case the
number of non-trivial solutions is O(v/L) (see Remark 9.3).

The number of integers z as in Proposition 9.1 is actually equal to
(N+o0(1)) - /g for g — oo, where \ is given by

N =4log(2+ v/3) +6log(1 + v2) + L2 log3 — 2¢/3 — 3v/2 — 10 = 3.178038436.
This can be shown by an elaboration of our argument.

We denote by [x] the greatest integer not exceeding x.

LEMMA 9.2. Let U and L be real numbers with U>L>0, and let
S={xe€Z: L<x<U}. Then the following is true.

(a) The number M(L,U) of triples r, s, t in S for which rs =1t> and r >t
satisfies

M

M(L,U)<> < 2") < (VU - VL)*- (3 + max{log(vU — VL), 0}),
d

the sum ranging over the positive integers d with d < (\/U — \/Z)Z, where

M, =[VU/d—+L/d+1].
(b) The number N(L, U) of quadruples r, s, t, u in S for which rs = tu and
r>max{t, u} satisfies

N(L,U)<> (2(b-a)+1)
a,b

x [H% \/(\/ﬁ—\/Z)z—ab \/(ﬁ+¢i)2—ab

<2(U — L)(VU — VL)*(1 + max{log(v'U — VL), 0})
+2(VU - VL),
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the sum ranging over all pairs of positive integers a, b with a <b and

ab< (VU - VL)’

REMARK 9.3. The sums appearing in (a) and (b) are empty when U < (v/L + 1)2;
5o in that case there are no non-trivial solutions to s = tu in S. If U — L = O(v/L),
then /U — v/L = O(1), so by (b) the number of non-trivial solutions is O(v/L), and
by (a) the number of non-trivial solutions with r = u is O(1).

Proof of Lemma 9.2. (a) Let r, s and ¢ in S satisfy rs = * and r> 1, and put
d = ged(r, s). Then there are coprime positive integers a and b with a > b and
r=a’d and s = b*d. Hence, if for each positive integer d we denote by N, the
number of positive integers ¢ with ¢2d € S, then we have

M(L, U)sd; (Z")

We have N;<M,, where M, is as in the statement of the lemma. For
d> (VU —L)* one has M, =1 so

(1)

This proves the first inequality in (a). The second, which will not be used in the
sequel, follows from the inequalities

1 1
—-<1+4 max{logT, 0 —<2VT
zd: = 1+max{logT, 0}, zd: VT
for any T > 0, where d ranges over the positive integers less than or equal to 7.

(b) Let r, s, + and u in S satisfy rs=tu and r>max{z,u}. Define
y=gecd(s,u), x=s/y and x' =u/y. Then we have gcd(x,x’) =1, so from
rx =rs/y=tu/y = tx' it follows that x divides ¢. Therefore we have ¢ = xy’ and
r=x"y’ for some integer y’. From r > max{t, u} we see that x’ > x and y' > y; so
we can write x' =x+a and y' =y+b with positive integers a and b. The
quadruple r, s, ¢, u can now be expressed in x, y, a, b:

r=(x+a)(y+b), s=xy 1=x(y+b), u=(x+a).
Hence N(L, U) is at most the number of quadruples of positive integers x, y, a,
b satisfying

L<xy, (x+a)(y+b)=<U.
(In fact, one easily proves that N(L, U) equals the number of such quadruples
satisfying gcd(x, a) = 1, but we shall not use the latter condition.)
For each pair a, b of positive integers, let R, , denote the plane region
R,»={(x,y) €eR* x>0,y>0,L<xy, (x+a)(y+b) <U}.

Writing N, , =#(R, , N Zz), we may express the result just proved by
N(L,U)=<),»N,p, the sum ranging over all pairs of positive integers a, b.
Since we have evidently N, , = N,, ,, we may rewrite this as

(9.4) N(L,U)<> Nop+2> Ny
a=b a<b

the sums still ranging over pairs of positive integers.
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Let a and b be positive integers for which R, , is non-empty, and let
(x,y) €R, . Then we have ab < (x+a)(y+b)<U. To obtain a better upper
bound for ab, we remark that L/x<y<U/(x+ a) — b, so that we have

bx* + (L—U+ab)x+ La<0.
This implies that the zeros p; and p, of the quadratic polynomial

bz? + (L— U+ab)z+La are real, with p; < p, (say), and that x lies between
them: p; <x < p,. The discriminant A(a, b) of the polynomial, which is given by

Aa,b) = (L — U +ab)* —4Lab = (VU — VL)* — ab) - (VU + VL)* — ab),
is equal to b? - (py— ,ol)2 and therefore non-negative. Since we know already that
ab < U < (/U + /L)%, this implies that ab < (v/U —v/L)>. Tt follows that the
sum in (9.4) may be restricted to those pairs a,b for which we have
ab < (v/U — VL)

We claim that for any of these pairs a, b we have
A(a, D)
b

For each (x,y) €R,p, the number x lies in the interval [p;, p,] of length
\/A(a, b)/b, and the number of integers in this interval is at most the term in
square brackets in (9.5). Hence, to prove (9.5), it suffices to show the following: if
x is any integer, then the number of integers y with (x, y) €R,, is at most 1
more than the number of integers y with (x,y) €R, ;. This is clear if no
integer y exists with (x, y) € R, ;. In the other case, let y’ be the smallest integer
with (x,y') € R, ». Then the definition of R, , immediately implies that for any
integer y >y’ with (x, y) €R, , one has (x,y — 1) €R, .. This proves (9.5).
Repeatedly applying (9.5) one finds that

ah\Z[lJr” a. b)],

(95) Na bS |:] + :| +Nu,b+1-

the sum ranging over all integers b’ = b with ab’ < (/U — v/L)*. Substituting
this inequality in (9.4), and collecting terms, we obtain

N(L,U)<> (2b-a)+1)- [1+¥},

a,b

the sum ranging over all pairs of positive integers a,b with a<»b and
ab < (ﬁ—ﬁ)z By our formula for A(a,b), this is the same as the first
inequality in (b). The proof of the second inequality in (b), which will not be
used in the sequel, is elementary, and left to the reader. This proves Lemma 9.2.

Proof of Proposition 9.1. The number of integers z as in the statement of
Proposition 9.1 is at most the number of quadruples of integers r, s, t, u with

rs=tu, (Vg+1yP=r>t=u>s=(y/q-1)>"
That number is, in the notation of Lemma 9.2, equal to (M(L, U) + ( ))
where L= (y/g—1)* and U= (y/g+1)>. We have (VU-+VL)*=

the sum in Lemma 9.2(a) ranges over 1 =<d < 4, and it gives
ML, U)<3+1+1+1=6.
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The sum in Lemma 9.2(b) ranges over (a, b) € {(1, 1), (1, 2), (1, 3), (1, 4), (2,2)}.
We have (\/ﬁ + \/Z)2 = 44, and so we find that

NL,U)<[1+V3-\/4q—1]+3[1 +1v2 - VEg—2] +5[1 +1/4g—3]+7+1
<17+ (2V3+3vV2+L). /g<22 /g+17<12,/3+ 16.

It follows that 1(M(L,U)+N(L,U))<6,/q+ 11, as required. This proves
Proposition 9.1.

10. Constructing Weil polynomials

In this section we prove Proposition 2.4.

In Proposition 7.1 we described all Weil g-polynomials of degree 4 in terms of
two integer parameters a and b that satisfy certain inequalities. Writing these
inequalities in terms of o =a/ v/q and 3 =b/q, we get a region W that is
independent of ¢:

W= {(asB)ERZ |0(| $472|a| _4$6$%O{2}
Figure 10.1 provides a picture of W.

FIGURE 10.1. The sets W, V.and W + 4v ( for g = 101).

The evaluation map & +— h(1) may be illustrated on this picture. If h = h, ; is
an ordinary Weil g-polynomial then we have

h(1) = (g+1)* —a(qg+1) +b.

If one fixes A(1), one obtains a relation between a and b that determines a line of
slope g + 1 in the (a, b)-plane; in the («, 3)-plane the slope is (¢ + 1)/,/q. More
precisely, two integer vectors (a,b) give rise to the same value for A(l1) if
and only if they differ by an integer multiple of the vector (1,q4 -+ 1), and if
and only if the corresponding vectors («, 8) differ by an integer multiple of
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= (1/\/6, 1+ 1/g). The intersection of W + 4o with W consists of the single
point 4v+ (0, —4) = (4/,/q,4/q), which lies on the parabolic piece of the
boundary of W (see Figure 10.1). Since two Abelian varieties over a finite field
are isogenous if and only if they have the same Weil polynomial (see [21,
Theorem 1(c)]), it follows that for any finite field k and any integer z there are at
most five isogeny classes of Abelian varieties A over k for which #A(k) = z; and
at most four if the single value z = (#k — 1)? is excluded, or if only Abelian
varieties A for which s, has no real zero are considered (for example, ordinary
Abelian varieties; see Proposition 7.1).

Proposition 2.4 asserts that, for most z in a certain range, there is at least one
suitable Weil polynomial 4 with A(1) = z. Here ‘suitable’ means that 4 is ordinary
and regular, that, in the case of Proposition 2.4(b), the trace of 4 is odd, and that
c(h) is appropriately large. The latter condition is equivalent to the corresponding
point («, 3) not being close to the boundary of W.

LemmaA 10.2.  For any prime power q the following is true.

(a) The number of ordinary Weil gq-polynomials h = h, , for which a# 0 and
(b+ 4(])2 - 4qa2 is an integer square is less than 14,/q.

(b) The number of ordinary Weil q-polynomials h = h, , for which a is odd
and (b + 4q)* — 4qa’ is an integer square is less than 4./q+2.

(c) If h, p is an ordinary Weil g-polynomial for which (b +4q)2 - 4qa2 is an
inzteger square, and both q and a are even, then one has a=0 or
a”—4b=0.

Proof. (a) Suppose that h = h, ; is an ordinary Weil g-polynomial with a # 0,
and that (b—|—4q)2 —4qa2 = ¢? for some integer ¢. Then we have ¢>=b° mod
4q. Since h is ordinary, we have gcd(b, g) = 1, and hence we have, both for ¢
even and for ¢ odd, that ¢ = =b mod 2¢4. Changing the sign of c, if necessary, we
may assume that c =b=b+ 4qg mod 2q, so that we may write

c=b+4q —2kq
for some integer k. From the inequalities b 4 4g = 0 and
0 <4qa’® = (b+4q)* — (b +4q — 2kq)* = 4kq(b + 4q — kq)

we see that k > 0, and that
2

b:%+@—®q

Hence h is determined by a and k. The inequality b < A—lla2 from Proposition 7.1
may be rewritten as (k —4)(k —a®/(4q)) <0, so k lies in the closed interval

with endpoints 4 and a?/(4q); we have a*/(4¢) <4, so we obtain
a*/(4q) <k <4.

It follows that k€ {l,2,3,4}. For each of these values of k we have
0 < |a| < 2v/kq. Also, since b is an integer, a is divisible by k when k =2 or 3,
and a is divisible by 2 when k = 4. So for k =1, 2, 3, 4 we have respectively

22v4). 2[v/24]. 212/4/3]. 2[2y/4]
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possibilities for a, where [x] denotes the largest integer not exceeding x. Assertion
(a) now follows because 4 + 2v/2 +4/+/3 + 4 = 13.137828 < 14.

(b) Next let @ be odd. Then we have a # 0, so we can apply the above. Since
k divides az, it is odd as well, so we have k =1 or 3. For these values we
have respectively

2[va+3) 2[vVa/3+;]

possibilities for a. We have 2 + 2/\/§ =3.154701 < 4, and (b) follows.

(c) Finally, let g and a be even, and suppose that a # 0. Since h, , is ordinary
and ¢ is even, the number b is odd. From (a’/k) + (k —4)g = b=1 mod 2 and
a=0 mod 2 it follows that k = 4 and that b = %az.

This proves Lemma 10.2.

We define the function C on W by

Cla, B) = (> —4B) - ((B+4)* —4a?).
If h=~h,, is a Weil polynomial of degree 4, corresponding to the point
(o, B) = (a/\/q, b/ q) of W, then we have c(h) = C(a, 8)'/?- ¢/

LEmMA 10.3. Let o, B, and 3, be real numbers with oy = 0, and let W, be
the region

Wy = {(a, B) € R* |a| <@g, B < B <B,}.

Suppose that Wy c W. Then the minimum of C on W, is assumed at one of the
points (0, 81), (0,B2), (exg, B1) and (evg, B2)-

Proof. First let B be fixed, with 3, <B=<g,. Then C(«, ) is a quadratic
function of o® with a negative leading coefficient. The minimum of any quadratic
function with a negative leading coefficient on any compact interval is assumed at
one of the endpoints; in our case, at a’>=0 or at o’ = a%. It follows that the
minimum value of C(a, ) for fixed 8 and |a| <« is one of C(0,83) and
C(ag, B). Next fix o € {0, ap}, and consider C (e, 8) as a function of 8. It is a
cubic in (3, with a negative leading coefficient, and its zeros are —4 —2a,
—4 4 2a, and %az. These zeros satisfy —4 —2a < —4 4+ 2a < %az. Since W lies
inside W, we have —4+2a<p@<1la’ and on that interval C(a,f) is first
increasing and next decreasing. One deduces that the minimum value of C(«, 8)
is assumed at one of the endpoints 3; and (3,. This proves Lemma 10.3.

Proof of Proposition 2.4(b). Let p be a prime number with p = 8§100. Define
ag=max{a€Z:aodd, a<%3./p}, bo=min{beZ: b= —1p}.
Then we have
(10.4) FVP—2<ag<3\p, —ip<by<—3p+1.
Put
Y={acZ: |a|<ay, aodd}, Z={beZ:by—2p—1<b<bhby},

X=YXZ.
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We begin by showing that for all (a, b) € X we have c(h, ;) = 4p3/2. Since we
have p = 8100, the points (a/./p, b/p) corresponding to (a, b) € X all lie within
the region

2
V={_(o, ) eR*: |a| <13, -1 -2 —F<B= -1+ 5}

(see Figure 10.1). One easily checks that V < W. Applying Lemma 10.3 to V, we
find that the minimum of C on V is equal to the value of C at one of the points

(0, - 278100) (O’*%er_loo)’ (%’*%*Z*ﬁ)’ (%’7%+811W)'
These values are computed to be at least 16, so we have C=16 on V.
From ¢(h, ;) = C(a/\/p, b/p)'/* - p*/? it now follows that c(h, ) = 4p>/? for
(a, b) € X, as asserted.

We next show that the values ha »(1) for (a, b) € X include all integers in the

interval [pz——pg/z,p +1p? /21 From he (1) = (p+1)* —a(p+1)+b one

sees that
hap(1) = hayr (1) =2(p+1).
Since Z consists of 2(p + 1) consecutive integers, and
Y={-ag, —ag+2,....,a0—2,ay},

it follows that the assignment (a, b) — h, ,(1) gives a bijection of X with the set
of integers in the interval

(p+ 12 —ag(p+1)+by—2p—1,(p+ 12 +ag(p+1)+by).

Using the mequahtles (10 4) and /p =90 we find that this interval contains the
interval [ P —3 pg/ 2 pr4d 14 3/ 2] Hence for each integer z in the latter interval
there exists a unique Well p-polynomial h, , with (a,b) € X and h, ,(1) =z. As
we proved above, all these h, , satisfy c(h, ;) 24p3/ 2. Also, they have odd
trace, since a is odd for all (a, b) € X

It remains to consider the values z for which the corresponding Weil polynomial
h,. p, fails to be ordinary and regular. The number of such z is at most the number
of pairs (a, b) € X satisfying at least one of the following conditions:

(10.5) b is divisible by p,

(10.6) a* —4b is an integer square,

(10.7) (b+4p)* —4pa® is an integer square.
To finish the proof of Proposition 2.4(b) it suffices to show that there are at most
p such pairs.

If (10.5) holds then we have b = —p or b = —2p, and the number of (a, b) € X
for which this occurs is

2-#Y:4-[%\/ﬁ+1]<28\/_+2

Suppose that (10.6) holds, so that a —4b =d* for some positive integer d.
The 1nequahtles la|<¥p and —Ip—1<b<—ip+1 valid for (a,b)€X
1mp1y that 3p—4 < d P<M0p 44, With p=8100 it follows that

B p<d<3p, so that d hes in an interval of length less than 2(\/p — 1).
Also we have d=a=1 mod 2, so there are at most ,/p possible values for d.
Since a and d determine b, it follows that the number of pairs for which (10.6)

occurs is at most /p-#Y < /p- (33/p + 1).
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Finally, Lemma 10.2(b) implies that (10.7) occurs for at most 4,/p + 2
pairs (a, b).

Thus the total number of pairs (a, b) € X satisfying (10.5), (10.6) or (10.7) is at
most 3 p+ (6+5),/p +4, which is less than p since p=8100. This proves
Proposition 2.4(b).

LEmMA 10.8. Let g be a power of a prime number. Then for all but at most
6./q + 11 integers z there exists at most one fourth degree Weil g-polynomial h,
for which a* — 4b is an integer square and he (1) =z

Proof. Let z be an integer. Suppose that &, (1) = z and that a* —4bisan integer
square. Then the numbers ¢ and 7 from the proof of Proposition 7.1 are integers in the
closed interval [-2,/q,2,/q]. We have h, , = (X2 —0X+q)- (X*—7X+q); so
z=h, ,(1) has the factorization z = (1 — o+ ¢) - (1 — 7+ g) into integers in the
interval [(\/q — 1)?, (vVa+ 1)?]. A second such Weil polynomial gives rise to a
different set {0, 7} and hence to a different factorization of z. By Proposition 9.1,
this occurs for at most 6,/g + 11 values of z. This proves Lemma 10.8.

Proof of Proposition 2.4(a). The proof follows the same general lines as the
proof of Proposition 2.4(b), with some additional complications.
Let g be a power of an odd prime number p, and assume that ¢ = 14,400. Define

aj=max{acZ:a<}{/qg—1}, by=min{fbeZ:b=—3q+2}.
Then we have
(10.9) sa—2<a <% q-1, —39+2<b<—-3q+3.
Put
Y,={a€Z: |al<a\}, Z,={beZ:b—qg<b<b},
XIZYIXZI,
X,={(a+1,b+qg+1):(a,b)eX,}, Xzs={(a—1,b—q—1): (a,b) €X,},

XO :Xl UX2 UX3.

We begin by showing that for all (a,b) € X, we have c(h, ;) =24°2. All
pairs (a, b) € X, satisfy |a| <%.,/g and =g+ 1<b< —1q+4. Since we have
g = 14,400, the points (a/\/q, b/ q) corresponding to (a, b) € X, all lie within the

region
2
Vo= {(a.B) R ol <} =B = —Lt il ).

One easily checks that Vy c W. Applying Lemma 10.3, we find that the minimum
of C on Vj is equal to the value of C at one of the points

10 1 4 1 10 1 1 4
0, =3), O =3+mam) (5 —=3) (5 =3+ mam0)-

These values are computed to be at least 4, so we have C=4 on V,,. From
c(hgp) =Cla/\/q, b/q)""*-¢>* it now follows that c(hyp) = 2¢%/% for
(a, b) € X, as asserted.

We next study the map X, — Z sending (a, b) to h, ,(1). Since Z; consists of



A HYPERELLIPTIC SMOOTHNESS TEST, II 143

q + 1 consecutive integers, one shows, as in the proof of Proposition 2.4(b), that
this map induces a bijection of X; with the set of integers in the interval

I=[(g+1)’ —ailg+1)+b —q. (g+1)>+a(g+1)+by].

Since one has h, (1) =h,i 1 p144+1(1), the map also induces bijections
X2—>IﬁZ and X3 —>IﬁZ

The 1nequahtles (10.9) and /g =120 imply that / contains the interval
[q2 gq%/ 2 q° q° +3 q%/ 2] Hence for each integer z in the latter interval there are
three pairs (a, b) E X, for which h, ,(1) =z, and these three pairs take the form

(@ —-1,b"—q—1), (a',b"), (@ +1,b"+q+1).
As we proved above, all these h, ; satisfy c(h, ;) = 2q3/2.
It remains to consider the values z for which none of the corresponding
polynomials %, , is ordinary and regular. For such z, each of the three pairs
(a, b) € Xy with h, ,(1) = z satisfies at least one of the following conditions:

(10.10) b is divisible by p,

(10.11) a* —4b is an integer square,

(10.12) (b+ 4q)* — 4qa” is an integer square, and a # 0,
(10.13) a=0

To finish the proof of Proposition 2.4(a) it suffices to show that there are at most
28.,/q values of z with this property.

Since p is an odd prime dividing ¢, at most one of the three integers
b'—q—1,b" and b’ + g+ 1 is divisible by p, for any integer b’. Hence for each
z at most one of the pairs (a, b) satisfies (10.10).

Lemma 10.8 implies that for each z with fewer than 6,/g + 11 exceptions, at
most one pair (a, b) satisfies (10.11).

By Lemma 10.2, for each z with at most 14\/5 exceptions, it is true that not a
single pair (a, b) satisfies (10.12).

Since at most one of ' — 1, a’, a’ + 1 equals 0, there is for each z at most one
pair (a, b) satisfying (10.13).

We conclude that the only problematic values of z are those for which one of
the corresponding pairs (a' —1,b" — g — 1), (a’,b"), (@’ +1,b" + g+ 1) satisfies
(10.10), another one satisfies (10.11), and the remaining one satisfies (10.13). We
shall show that this occurs for at most /g values of z. This will finish the proof
of Proposmon 2. 4(a) since we have 6\/_ + 11+ 14,/q + 22\/_ = 28\/_

Let z, @’ and b’ have the properties just described. Since one of a’ — 1, a’,
a’ + 1 equals 0, we have |a’| < 1. Then for each of the other two pairs (a, b) we
have ae{— 2 —1, 1, 2}. Let now (a, b) be the pair that satlsﬁes (10.11), so that
a’ —4b =d* for some integer d =0. The inequality — Dg+1=<b<0 that is
valid in X, implies that 0 < d ’< @q, so the number of p0551b111t1es for d is at
most 1/40g/3, which is less than L 5 /4. Once we know d, the value for a is
determined up to sign by the condltlons ae{- 2 -1, 1, 2} and a =d mod 2, and
the value for b is determined by b = —(a2 d ) That gives at most 22\/_ q pairs
(a, b), and consequently at most £ /g values for z = h, ,(1), as required.

This completes the proof of Proposmon 2.4(a).



144 H. W. LENSTRA Jr, J. PILA AND CARL POMERANCE

11. Characteristic 2

Our main theorems exclude fields of characteristic 2, not only because they
make assertions about models of the form y? = f (x) for hyperelliptic curves, but
also because our result on the map from the set of Weil polynomials to Z admits
a larger exceptional set in characteristic 2. Here we state a result about
isomorphism classes of curves valid in characteristic 2. We begin with a suitable
replacement for Proposition 2.4.

ProrosiTION 11.1.  Let g = 14,400 be a power of 2. Then for all but at most
%q integers z in the interval

l4* —54*% > + 5477

there is an ordinary regular Weil g-polynomial h of degree 4 with c(h) = 2q
and h(1) =z

3/2

Proof. Let g = 14,400 be a power of 2. Define a;, X;, X, and X as in the
proof of Proposition 2.4(a), and put

X4 = X] |\ Xz.
As in the proof of Proposition 2.4(a), one deduces from g = 14,400 that for each
integer z in the interval [¢” q3/2, q -+ 9q2/2] there are two pairs (a, b) € X,

such that 4, ,(1) =z, and that these two pairs take the form
(@',b"), (a"+1,b" +q+1).

Precisely one of b, b’ + ¢+ 1 is odd. Therefore for each z in the target interval
there is a unique (a, b) € X, such that h, , is ordinary and £, ,(1) = z.

The inequality c(h, ;)= 2¢%/? holds for all (a,b)€X,, by the same
computation as in the proof of Proposition 2.4(a), since X, C Xj.

It remains to estimate the number of integers z for which the corresponding
polynomial %, ;, is not regular. This is at most the number of pairs (a, b) € X,
with b odd that satisfy one of the following conditions:

(11.2) a* —4b is an integer square,

(11.3) (b+ 4q)2 —4ga® is an integer square, a #0, and a® —4b #0,

(11.4) a = 0.
It suffices to show that there are at most %q such pairs.

Let (a, b) be a pair satisfying (11.2), so that a> —4bh = d* for a non-negative
integer d. Since b is odd, we have d =0 mod 2 and a=d + 2 mod 4. From
(a, b) € X, one deduces that

4 2 1795
§ 16 <d” <7579 —38.

It follows that 2 S5va=d < q; so d belongs to an interval of length at most
2(\/q —1). Slnce d is even this leaves at most /g possible values for d. For
given d, the value of a is restricted by —a; <a < al +1 and a=d+ 2 mod 4;
the number of possibilities for a is therefore at most 5 (2a1 +4), which is at most
]6\/_ +2 Since a and d determine b, we conclude that the number of pairs
(a, b) €X4 w1th b odd for which (11.2) holds is at most /g - (/7 + 1), which

equals g +3 /4.
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By Lemma 10.2(b), (c), there are fewer than 4,/g 4 2 pairs (a, b) € X, with b
odd for which (11.3) holds.

Finally, the number of pairs satisfying (11.4) is the number of possible values
for b that are odd, which equals ¢ + 1.

The total number of z that must be excluded is therefore less than
1—1661 + % Va+4/g+2+qg+1< 1—90q. This completes the proof of Proposition 11.1.

THEOREM 11.5. Suppose that g = 14,400 is a power of 2, and that k is a finite
field of cardinality q. Then for all but at most 1_90q integers 7 in the interval
4" =1’ 4" + 547
the weighted number of curves C of genus 2 over k with #J.(k) = z is at least

3/2
q/

47,500 - (log g)* - (loglog g)*’

here the isomorphism class of C is counted with weight 1/#AutC.

Proof. Combine Proposition 11.1, Proposition 2.3 and Proposition 2.2. This
proves Theorem 11.5.
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